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Abstract 
This thesis is primarily concerned with modelling the influence of in-plane restraint 
of shrinkage on the deflection of reinforced concrete one-way slabs. In practice, 
slabs are often restrained in-plane to some degree and a time- varying axial force is 
induced by restrained shrinkage, which increases long-term deflections. Previous 
research on restrained shrinkage has focused on the calculation of the restraining 
force in members not subjected to gravity loading. A rigorous numerical procedure, 
using the so-called layered approach, has been developed to model deflections in 
reinforced concrete one-way slabs subjected to bending and axial restraint. Non- 
linear effects due to cracking; and time-dependent effects due to creep, shrinkage 
and loss of tension stiffening as well as geometrical nonlinearity due to second order 
effects have been incorporated into the model. Tension stiffening has been modelled 
using various methods including that given in EC2. A computer program has been 
developed to implement the method. An iterative approach to calculate the axial 
force and bending moment distribution in axially restrained one-way slabs has been 
developed. The performances of tension stiffening models for deflection and axial 
displacement prediction have been investigated. The effects of in-plane restraint of 
shrinkage on deflections have been quantified by analysing various reinforced 
concrete one-way slabs with and without axial restraint. An extensive parametric 
study has been carried out to quantify the influence of relevant parameters on the 
long-term axial restraint force and deflection. 
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List of symbols 
The following notation is used in this thesis. Where more than one meaning has been 
assigned to a symbol, the correct definition will be evident from the context which it 
is used. Those not defined below are explained in the text. 
b Breadth of section 
c Compression zone depth in a fully- cracked section 
d Distance from the top fiber level to centroid of tension steel 
db Bar diameter 
d' Distance from the top fiber level to the centroid of compression steel 
d, Distance from top fibre to the centroid of bottom steel 
d2 Distance from top fibre to the centroid of top steel 
e Eccentricity of the axial (restraint) force measured downwards from 
the top fibre 
fck Characteristic compressive strength of concrete 
f1t Tensile strength of concrete 
fit, f Flexural tensile strength of concrete 
fv Yield strength of the reinforcing steel 
Symbols 
h Thickness of concrete layer 
heif_ Effective height of tension tie 
ho Notional size of creep and shrinkage specimens 
k Reduction factor to take into account loss of tension stiffening with time 
according to Rossier or support stiffness 
m Number of concrete layers 
n Number of time steps 
s Coefficient to obtain next time step 
so Transition length 
t Time 
to Time of application of the load 
y Coordinate defining location of a layer 
A Area of transformed cross section 
A, Area of concrete part 
A 
ejj 
Effective area of concrete in tension 
A tension reinforcement area s 
A/ Compression reinforcement area 
AS, Bottom reinforcement area 
Ase Top reinforcement area 
A Area of age-adjusted transformed cross-section 
Bc First moment of Ac about an axis through reference point 
B First moment of area of age-adjusted transformed cross- section 
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D Depth of cross section 
Ec Modulus of elasticity of concrete 
Ec 
eff 
Effective modulus of elasticity of concrete 
Ec Age-adjusted modulus of elasticity of concrete 
ES Modulus of elasticity of steel 
EE Secant modulus of each concrete layer defined by Torres 
I Second moment of area of the transformed cross section 
IC Second moment of Ac about an axis through reference point 
I Second moment of area of the age-adjusted transformed section 
M Bending moment at a section 
Mr Cracking moment 
N Axial (restraint) force 
N Cracking load in tension 
N 
,. 1 
Axial force corresponds to first crack 
N1 Axial force which gives rise to tension stiffening according to Rossier 
model 
N 
rn 
Axial force corresponds to last crack 
N,. Axial force corresponds to yielding of steel 
R Material stiffness for layer or restraint factor 
a Modular ratio 
ae Effective modular ratio 
a Age-adjusted effective modular ratio 
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9 
fý 
ß2 
Al 
8 
a 
Eb 
c 
cr 
Ce 
£J, 
Em 
sp 
£S 
Esh 
£s2 
C/ 
s 
Coefficient to take in to account the deterioration of tension stiffening for 
sustained loads as defined by EC2 
Coefficient to take in to account bond properties of bars as defined by 
MC90 
Coefficient to take in to account the deterioration of tension stiffening for 
sustained loads as defined by MC90 
Coefficient to take into account of loss of tension stiffening with time as 
defined by Rossier 
Strain 
Aging strain for each layer 
Strain at bottom fibre 
Creep strain for each layer 
Cracking strain according to Torres 
Elastic strain for each layer 
Free strain for each layer 
Mean strain 
Strain at the reference point (top fibre) 
Strain in tension steel 
Free shrinkage strain 
Steel strain at a crack 
Strain in compression steel 
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ssm Mean steel strain 
CsrI Cracking strain according to Rossier 
£srn Strain in tensile steel corresponding to Nsrn 
Cy Yield strain of steel 
s, Strain for uncracked section 
s2 Strain for fully-cracked section 
s' Strain for averaged- cracked section 
Interpolation coefficient used to find the mean curvature or strain 
p Tensile steel ratio 
p/ Compressive steel ratio 
6 Stress 
6c Stress in concrete layer 
as Stress in tension steel 
6S2 Steel stress at a crack 
61 i Stress in compression steel 
°srl Steel stress when first crack appears 
6srn Steel stress when the crack pattern is stabilised 
6l max 
Maximum stress in the tensile fibre of the uncracked section 
0 Creep coefficient or bar diameter 
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ANf Fictitious axial force results from creep and shrinkage 
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Aco Change in elastic strain at reference point 
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Introduction 
1.1 Background 
Slabs are typically restrained in-plane by shear walls, stiff columns and previously 
cast slabs. For example Figure 1.1 shows a particularly severe case where a floor slab 
is axially restrained between two cores situated at opposite ends of a building. A 
time-dependent axial force is induced in reinforced concrete slabs owing to the 
restrained shrinkage of concrete which can lead to excessive cracking and 
deflections. Cracking can result in a significant loss of stiffness in slabs due to the 
relatively small area of flexural reinforcement. The provision of contraction joints 
can prevent the development of these forces but in modem joint-less construction 
methods, the effects of restraining forces should be taken into account. The design of 
reinforced concrete slabs is usually governed by the need to limit long-term 
deflections under service loads. It is well known that restraining force can increase 
long-term deflections. However, this effect is not accounted for adequately in 
current code approaches for deflection calculation and control (Gilbert & Guo 
(2005)). The effect of axial restraint of shrinkage on slab deflections is not well 
understood. Very little guidance is currently available on how to accurately calculate 
the final in-plane restraint force in an axially restrained slab. Previous research on 
restrained shrinkage has focused on the calculation of the restraining force in 
members not subjected to gravity loading. The rigorous analysis of reinforced 
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concrete members at the serviceability limit state requires a formulation that 
includes coupling between membrane and flexural behaviour. 
This thesis is concerned with modelling time-dependent behaviour of axially 
restrained reinforced concrete one-way slabs subject to gravity loading. A detailed 
study is carried out to determine the axial restraint force induced by restrained 
shrinkage and to investigate its influence on slab deflections. 
Figure 1.1 A floor slab axially restrained between two cores 
1.2 Aim and scope of the research work 
The aim of the research work is to predict the axial restraint force and determine its 
influence on long-term deflections in axially restrained reinforced concrete one-way 
slabs subject to gravity loading. To this end, the author has developed a numerical 
method based on the so-called layered approach for calculating deflections in axially 
restrained reinforced concrete one-way slabs subject to gravity loading. Various 
crack models have been incorporated into the numerical model. A computer program 
has been developed to implement the method. The computer program has been used 
to analyse various axially restrained and unrestrained reinforced concrete one-way 
spanning slabs to determine the axial restraining force and its influence on 
deflections. A parametric study has been carried out to identify the influence of 
relevant parameters on long-term axial restraint force and deflection. 
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1.3 Outline of the thesis 
The thesis consists of 7 chapters and 3 appendices which are outlined below. 
Chapter 1- This chapter describes the general background to the research and 
defines its aim and scope. 
Chapter 2- The serviceability design aspects of cracking and deflection are 
reviewed. Various tension stiffening models are explained along with the 
assumptions and mathematical formulations. A comparison between tension 
stiffening models is presented. Several methods for deflection predictions are 
reviewed. The influences of shrinkage on cracking and deflection in reinforced 
concrete members are explained. A method for modelling shrinkage in axially 
restrained members without gravity loading is discussed. The choice of tensile 
strength in deflection calculation is reviewed. 
Chapter 3- A rigorous numerical method is developed for calculating deflections in 
axially restrained reinforced concrete one-way slabs subjected to gravity loading. 
The member cross-section is modelled using the so-called layered approach. Three 
tension stiffening models are implemented; namely, the EC2 (2004), Rossier et al. 
(1998) and Torres et al. (2004). Creep is modelled using the principle of 
superposition. Deflections and axial displacements are found by numerical 
integration of the curvatures and strains, respectively. A C++ computer program is 
developed to implement the procedure. An iterative procedure is developed to fulfil 
the boundary conditions at each time step. An iterative method is developed to 
determine strains and the curvatures in cracked sections. Geometrical non-linearity 
due to second order effects is taken into account by a simple iterative procedure. The 
three tension stiffening models are incorporated into the computer program. A 
computer program is developed using the sectional approach with the EC2 tension 
stiffening model. 
Chapter 4- The performances of tension stiffening models (i. e. the EC2 (2004), 
Rossier et al. (1998) and Torres et al. (2004)) for moment-curvature and moment- 
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axial strain are investigated. The performances of tension stiffening models for 
deflection and axial displacement prediction are also investigated. Two cases are 
studied; namely, a simply supported and a double span continuous one-way slabs. 
The performances of tension stiffening models for deflections in members subject to 
axial force are checked against available test data. 
Chapter 5- Axially restrained reinforced concrete one-way slabs are analysed using 
the author's computer program with the EC2 (2004) and Rossier et at. (1998) 
tension stiffening models. Two cases are studied; namely, a simply supported and a 
double span continuous one-way slabs. The development of axial restraint force with 
time and the effect of restraint in the long-term deflection and tensile steel stress are 
investigated. The author's model is compared with the Gilbert (1992) model for 
axially restrained slabs with zero gravity loading. The effect of geometrical 
nonlinearity due to second order effects is quantified. The effect of aging due to the 
variation of modulus of elasticity of concrete with time is also quantified. The 
analysis is also carried out using the sectional approach and the results are compared 
with the more rigorous layered approach. 
Chapter 6- An extensive parametric study is carried out on axially restrained and 
unrestrained reinforced concrete one-way slabs using the author's computer program 
with the EC2 and Rossier et at. tension stiffening models. The sensitivity of long- 
term axial restraint force and deflection to relevant parameters is investigated. 
Chapter 7- Conclusions and recommendations for future work are presented. 
Appendix A- Development of iteration scheme for axially restrained continuous 
one-way slabs is given. 
Appendix B- Development of iterative procedure for calculating strains and 
curvatures in cracked sections is given. 
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Appendix C- The MC-90 (1993) time functions for modulus of elasticity, creep 
coefficient and free shrinkage strain of concrete are given. 
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Literature review 
2.1 Introduction 
The critical serviceability limit states in the design of reinforced concrete structures 
are cracking and deflection. This chapter reviews existing methods for calculating 
strains and curvatures in cracked sections. Various tension stiffening models are 
reviewed. A comparison is made between their realism and adaptability. Simplified 
methods for calculating deflections are reviewed. In practice, slabs are usually 
restrained in-plane to some degree. Therefore, time- dependent axial forces are 
induced by shrinkage. However, there is a lack of understanding of the implications 
of these forces in design for serviceability. Existing methods for calculating 
deflections either overlook or use simplified methods to take into account the effect 
of in-plane restraint of shrinkage. Methods to take into account the effect restrained 
shrinkage are reviewed. Finally, the choice of tensile strength in deflection 
calculation is reviewed. 
2.2 Cracking due to in-plane restraint 
In reinforced concrete slabs, stiffness, and consequently deflection, is significantly 
affected by the degree of cracking. Cracking arises from flexural tensile stresses due 
to gravity loading. In addition, significant cracking can be caused by tensile stresses 
induced by restrained shrinkage. The development of cracks in a given slab system 
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depends on a large number of factors, including the tensile strength of the concrete, 
shrinkage, creep and the degree of restraint. 
2.3 Crack models 
Cracking occurs in reinforced concrete structures when the tensile stress exceeds the 
tensile strength of concrete. The reduction in stiffness that results upon cracking 
must be considered in displacement calculations. The least stiff section in a cracked 
member is at the location of the crack. Away from the crack, the concrete in the 
tension zone resists some tensile stress and thus contributes to the stiffness of the 
member. Thus, the stiffness of a cracked member varies from a minimum value at 
the cracks to a maximum value midway between cracks. For the calculation of 
displacement, a mean value of stiffness of the member is used. 
Consider a reinforced concrete member subjected to an axial force or a bending 
moment. The member is free from cracks if the stress in concrete has never 
exceeded its tensile strength. The reinforcement and the concrete undergo 
compatible strains. This condition is termed state lin Model Code 90 (1993). At the 
location of a crack, the tensile stress is assumed to be resisted entirely by the 
reinforcement. The tensile zone is assumed to be fully cracked and this condition is 
referred to as state 2 in Model Code 90. 
In a section between two successive cracks, the bond between the concrete and the 
reinforcing bars restrains the elongation of the steel and thus part of the tensile force 
in the reinforcement at the crack is transmitted to the concrete between the cracks. In 
other words, the concrete between the cracks contributes to the rigidity of the 
member through tension stiffening. Due to this tension stiffening effect, the stress 
and strain in any section will be in an intermediate condition between states 1 and 2. 
The strain in the reinforcing bars varies from a maximum value at the cracks to a 
minimum value midway between the cracks. 
35 
Literature review 
A number of empirical relationships have been proposed for modelling tension 
stiffening, where the loss of rigidity in a cracked member is taken into account by: 
" Using a moment-curvature relationships. 
" Using an area of concrete, located at the tensile-steel level, effective in 
providing tension stiffening (a modified relationship for the stress-strain 
response of the reinforcing steel). 
9 Using an average stress-strain response for concrete in the post-cracking 
range. 
These types of models are discussed in Sections 2.4,2.5 and 2.6. 
2.4 Moment-curvature relationships 
2.4.1 MC90 (1993) model 
2.4.1.1 Strain due to axial tension 
A reinforced concrete member subjected to axial tension N will be free from cracks 
when the value of N is lower than 
N=fýý(Ac+aAs)=f, A, (2.1) 
where, 
N is the value of axial force that produces first cracking; 
f, is the strength of concrete in tension ; 
A, and AS are the cross-sectional areas of concrete and steel , respectively and 
ES 
(2.2) 
E, 
with ES being the modulus of elasticity of steel and 
EE the secant modulus of elasticity of concrete. 
A, is the area of a transformed section in state 1, composed of A, plus aAs . 
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Just before cracking, the section is in state 1; the stress in the concrete is fit and the 
stress in the steel is a fit . Immediately after cracking, the section at a crack 
is in state 
2, and the stress in the steel at the crack is given by: 
_N 
r 
6sr 
A 
s 
(2.3) 
The first crack occurs at N,. At the crack, the tensile stress in the concrete drops to 
zero and the total tension is resisted by the steel reinforcement (state 2). The sudden 
increase in stress in the steel leads to an incompatibility of strain in the steel and the 
adjacent concrete which results in widening of the crack. 
Away from the crack, concrete bonded to the reinforcement, restrains the elongation 
and the bond stress transmits parts of the tensile force from the bar to the 
surrounding concrete. At a certain distance s from the first crack, strain 
compatibility is recovered (state 1) and the tensile strength in concrete is again 
reached, causing a second crack which will form at the next weakest section (Figure 
2.1a). Figures 2.1b, 2.1c and 2.1d show an idealized graph of the variation in steel 
stress, bond stress and concrete stress over the length of a cracked member subjected 
to an axial force N>N,. 
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Figure 2.1 Stress in a reinforced concrete member cracked due to an axial force; 
(a) cracking of a tie; (b) stress in reinforcement; (c) bond stress; (d) stress in concrete 
(6c Sff, ): adopted from Ghali & Favre (1994) 
At a crack, the section is in state 2, the concrete stress is zero and the steel stress 
and strain for N> Nr are given by: 
6SZ =N (2.4) A 
s 
ESZ =N (2.5) ES AS 
Midway between consecutive cracks, the tensile stress in the concrete has some 
unknown value smaller than f, and the steel stress is smaller than u,, . Thus, the 
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strain in the reinforcement varies along the length of the member; with a mean value 
of: 
_ 
Al 
es"` 1 
(2.6) 
where 1 is the original length of the member and Al is the member extension. The 
symbol c,,, represents the mean strain in the cracked member. Clearly, ei,,, is smaller 
than Est which is the steel strain at the cracked section. Let 
£Sm = £s2 - 
A£S (2.7) 
DES is the reduction in steel strain caused by the participation of concrete in carrying 
the tensile stress between the cracks. The value of A represents the difference 
between the mean steel strain c,, n and the steel strain 
in a fully-cracked section. This 
difference has a maximum value, 0£smax 9 at 
first cracking, when N= Nr . 
Figure 2.2 shows the variation of the mean strain sSm with the applied load N 
assumed in MC90 (1993). Based on experimental evidence, MC90 (1993) assumes 
that Ass , varies 
hyperbolically with 6s2 as follows: 
A£s = Acs 
max 
6sr 
(2.8) 
6s2 
(2.8) 
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Axial Stress in steel 
force in state 2 
N csl = E, A, 
(state 1) 
N 
Nc 
6S2 A 
Est 
N 
Es'Q 
s 
(state 2) 
Og, 
AEs 
max 
As 
N- -- i -º /y 
/ ---ýQ/ Esm 1 
Stroin in steel 
Figure 2.2 Axial force versus mean strain in a member subjected to axial tension: 
Adopted from Ghali & Favre (1994) 
From the geometry of the graph in Figure 2.2, one obtains 
AEsmax _(s2- cs I) 
6sr 
6s2 
(2.9) 
The mean strain follows a curve situated between the two straight lines representing 
cs, and Est . Here, es, is the 
hypothetical strain in the reinforcement, assuming that 
state I continues to apply when N> Nr Thus, 
N_N 
E, (, ý+aAs) EA, 
(2.10) 
Substitution of Equations (2.8) and (2.9) into Equation (2.7) gives, for a cracked 
member, an overall strain value which is also the mean strain in the steel: 
s in 
= \l - `ý /Es l+ 
4S2 (2.11) 
where ý is a dimensionless coefficient, between 0 and 1, representing the extent of 
cracking. Thus, C=0 for an uncracked (N < N,. ), and 0<ý<1 for a cracked 
section. The value of is given by: 
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=1- 
asr for 6S2 > 6Sr (2.12) 
6s2 
or 
', 
for N>N, (2.13) 
N 
In Equation (2.11), the mean strain in the steel is determined by interpolation 
between the steel strains cs, and e2 corresponding to states 1 and 2, respectively. 
The interpolation coefficient, 4' depends upon the ratio of the steel stresses 
° sr and a2 
in a fully-cracked section corresponding to applied forces Nr and N, 
respectively. 
In order to take into account the rebar surface pattern as well as influence of the 
duration of the loading or the repetition of loading on average strain, MC90 (1993) 
introduces the coefficients /1 and ß2 into Equation (2.12) as follows: 
2 
=1- ßiß2 
6sY for 6s2 >_ 6sr (2.14) 
6s 2 
where, 
ß, =1 for high bond bars and 0.5 for plain bars. 
ß2 =0.8 for a single short-term loading and 0.5 for sustained loads or many cycles of 
repeated loading. 
2.4.1.2 Curvature due to bending 
A reinforced concrete member subjected to a bending moment (Figure 2.3) is free 
from cracks, neglecting the effect of shrinkage, when the bending moment is less 
than 
Mr =W, fctn (2.15) 
where, 
Mr is the value of the bending moment that produces first cracking, 
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W. is the section modulus in state 1. Thus, W, is calculated for the cross- section area 
of concrete plus a times the cross section area of steel. 
f, 17 is the tensile strength of concrete in flexure (modulus of rupture). 
b (Ec)toc 
A 
MMd Curvature 
ýI =j=ý 
L !.. 
ai s --ý Es f 
Figure 2.3 A reinforced concrete member in flexure: 
Adapted from Ghali & Favre (1994) 
For a bending moment M> Mr , cracking occurs and the steel stress varies from a 
maximum value at the crack to a minimum value mid-way between the cracks. 
Assuming that the concrete between the cracks has the same effect on the mean 
strain in steel as in the case of an axial force, Equation (2.11) can be adopted. Thus, 
Es 
m 
(1 
- /£s I+4 
£s 
2 
where, 
2 
=1-11162 
(Usr 
6s2 
='-A)62 
MM 2 
(2.16) 
(2.17) 
Here asr and 6s2 are the steel stresses calculated with Mr and M, respectively, 
assuming that the section is fully cracked. 
It is assumed that the effect of cracking on curvature is similar to its effect on the 
strain in axial tension. Thus, the mean curvature is given by: 
Vf 
m 
(1-ý; )Vf 
1+7Vf 2 (2.18) 
Where yr, and yr2 are the curvatures in state 1 and 2, respectively, corresponding to a 
bending moment M Thus, the coefficient is used to interpolate between the 
curvatures in states 1 and 2 to obtain the mean curvature. This is illustrated in the 
moment-curvature graph in Figure 2.4. The cracked member has a mean flexural 
rigidity given by: 
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(EI)m =M (2.19) 
V/ 
m 
The curvatures rar, and q/2 are given by: 
M 
i/rº=EI (2.20) 
cº 
M 
V2 - -EI(2.21) 
where I, and IZ are, respectively, the moments of inertia of a transformed 
uncracked and fully-cracked section about an axis through their respective centroids. 
Bending 
moment 
State 1 
D 
State 2 
1ýlmý(1' )W1+ '12 
M 
Tension stiffening, 
(1-E(yV2-W1) 
Mr ýý...... 
C 
j 
'ýßMr 
E 
MM 
A 
Curvature 
Figure 2.4 Moment versus curvature in a reinforced concrete member in flexure 
MC90 considers that the M- yr relation shown by the lines ABCD in Figure 2.4 is 
only realistic if the concrete is in a virgin state and the loading is of short-term 
character. In MC90, the M- yu relation is assumed to follow the straight line AE 
when 0<M< fMr, where fMr represents the reduced cracking moment 
and 13 = ß1ß2. The M- yr relation follows the nonlinear line ED 
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when /. Mr <_ M <_ My , where, M is the moment corresponding to yielding of the 
reinforcement. Replacement of the part EBC by EC takes into consideration the 
behaviour of a member which has been cracked due to loads, shrinkage and 
temperature variations during construction (Ghali & Favre (1994)). 
2.4.1.3 Influence of combined bending and axial force on curvature 
The influence of axial tension on curvature is uncertain since there is very little or no 
experimental data on deflections in either axially restrained slabs or members loaded 
in combined tension and flexure. 
Ghali & Favre (1994) suggested that the interpolation coefficient used to interpolate 
between uncracked and fully-cracked states (see Equation (2.17)) is expressed in 
terms of concrete stresses for combined bending moment and axial force as follows: 
i 
1- ßl ß2 (2.22) 
61 
max 
where, 
61 max 
is the tensile stress that would occur at the extreme fibre of an uncracked 
section due to combined moment and axial force. 
fit is the concrete strength in tension. If the stress is caused mainly by flexure fýý 
will represent the tensile strength in flexure (Ghali & Favre (1994)). 
2.4.2 EC2 (2004) model 
EC2 (2004) provides a method to take into account tension stiffening which is 
essentially the same as that in MC90. Two limiting conditions are assumed to exist 
for the deformation of concrete section: the uncracked state and fully-cracked state. 
Members which are not expected to be loaded above the level which could cause the 
tensile strength of the concrete to be exceeded anywhere within the member should 
be considered to be uncracked. Members which are expected to crack, but may not 
be fully cracked, will behave in a manner intermediate between the uncracked and 
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fully-cracked conditions and, for members subjected mainly to flexure, an adequate 
prediction of behaviour is given by: 
a=4a+(1-c)a, 
where, 
(2.23) 
a is the deformation parameter considered which may be a strain, a curvature or a 
rotation. 
a, and a are the values of the parameter calculated for the uncracked and fully- 
cracked conditions, respectively. 
is a distribution coefficient (allowing for tension stiffening at a section) given by: 
-)q 
6Sr (2.24) 
6S 
ý=0 for uncracked sections. 
/3 is a coefficient taking account of the influence of the duration of the loading or of 
repeated loading on the average strain. 
=1.0 for a single short-term loading. 
=0.5 for sustained loads or many cycles of repeated loading. 
6S is the stress in the tension reinforcement calculated on the basis of a cracked 
section. 
6sr is the stress in the tension reinforcement calculated on the basis of a cracked 
section under the loading conditions causing first cracking. 
2.4.3 Differences between the provisions of MC90 and EC2 
The author has identified the following differences between MC90 and EC2 tension 
stiffening models: 
9 MC90 adopts Equation (2.18) to interpolate between uncracked and fully- 
cracked states to calculate the mean curvature. EC2 adopts a similar 
interpolation and uses the coefficient ; given by Equation (2.24) to calculate 
mean values for various deformation parameters such as curvature, strain and 
rotation. 
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" MC90 takes into account the effect of bar type in tension stiffening which is 
ignored in the EC2 model which only considers deformed bars. Equation 
(2.24) in comparison with Equation (2.17) is applicable to high bond bars 
only. 
" MC90 uses the value of the coefficient for the duration of the loading 
12 equal to 0.8 for short-term loading. EC2, on the other hand, uses a value 
equal to 1.0. 
" In the MC90 the interpolation coefficient 4" is greater than zero 
for M> , 81ß2 Mr , while in the EC2 is greater than zero for M> Mr . 
2.5 Tie models 
An alternative approach for modelling tension stiffening is to assume that an 
effective area of concrete, located at the tensile-steel level provides tension 
stiffening. An average cross-section is therefore assumed with properties between 
those of the uncracked and fully-cracked cross sections. Two such tension stiffening 
models are discussed below which are those of Sippel (CEB 235 (1997)) and Rossier 
et al. (1998). 
2.5.1 Sippel model 
Sippel (CEB 235 (1997)) proposed a model for tension stiffening in flexural 
members in which the stress-strain relationship of the reinforcement is modified as 
shown in Figure 2.5. The tension stiffening is related to the area of concrete which is 
assumed to stiffen the reinforcement bar. 
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Figure 2.5 Modified mean steel stress-strain relationship 
Steel strain 
The cracked stage is divided into two stages which are referred to as a) the 
progressive cracking stage and b) the stabilized cracking stage. These stages are 
discussed below. 
2.5.1.1 Progressive cracking 
The mean strain in the steel is given by: 
Esm --S -ts 
srl 
(0-sr, 
s (Csr2 
- £srl 
J for 65,. 1 
< 6s 
- 
6srn (2.25) 
, 
ýs 6srn - 6sr 1 
where, 
6S is the tensile steel stress, 
651., is the steel stress when first crack appears. The first crack is assumed to develop 
when the 5% fractile of flexural tensile strength of concrete is achieved. 
65,. E is given 
by: 
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6srý -, ns%A c. eff 
AS (2.26) 
k is a factor accounts for the reduction in tensile strength with time which equals 1.0 
for short-term loading. For long-term loading, k is given by Sippel 
(CEB 235,1997): 
13.63-logt 
14.46 
(2.27) 
with t time in seconds. 
f l5% = 0.75 ff1.. n (2.28) 
ft, fl is the flexural tensile strength of concrete which depends on the slab thickness 
(see Section 2.12). 
Ac 
e,,. 
is the effective area of concrete in tension, as shown in Figure 2.6. 
AS is the area of tension steel. 
0- 6 sm 
is the steel stress when the crack pattern is stabilised. The crack pattern is 
assumed to stabilise when the 95% fractile of the tensile strength is reached. 
6srn is given by: 
6srn = fct, fl95%A 
. eff 
/ As (2.29) 
ff1, Jl95% =1.25 f,,, fl (2.30) 
ssrl is the strain at which the first crack occurs, which is given by: 
EsrI _ ft, f5% / EC (2.31) 
Esr2 is the strain in tensile steel corresponding to 0--Sr, , which is given 
by: 
£sr2 = 6sr1 / Es (2.32) 
, 3, =0.4 for short-term loading and 0.25 for long-term loading. 
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Figure 2.6 Effective area of concrete in tension 
Adopted from Sippel (CEB 235(1997)) 
2.5.1.2 Stabilized cracking 
The mean strain in the steel is given by: 
6S 
£sm - /'t `£sr2 £srl 
) 
where, 
f, is the yield stress of steel. 
2.5.2 Rossier et al. model 
J, 
for 6Sr, z < 6S 
<f (2.33) 
Rossier et al. (1998) proposed a concrete tie model which is based on the 
recommendations of Sippel (CEB 235 (1997)) for modelling tension stiffening in 
sections subjected to bending with and without axial force. It is assumed that the 
tension stiffening response of a member can be modelled with a reinforced concrete 
tie element having a concrete cross-sectional area equal to the AC eJj . 
It was assumed 
that the depth of the effective tensile tie is equal to 
heiß = 2.5(c +0/ 2) (2.34) 
where, 
c is the concrete cover, 
is the bar diameter. 
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The Rossier et al. (1998) model uses a constant effective area of concrete in tension. 
Therefore, with increasing member depth it progressively underestimates the 
effective area of concrete in tension. On the other hand, with decreasing member 
depth it progressively overestimates the effective area of concrete in tension. 
Rossier et al. made the following modifications to Sippel's relationship: 
" In the original model, the stabilised-crack branch of the relationship is 
parallel to state 2 (steel only). The stabilised-crack branch has been 
modified as shown in Figure 2.7. 
" For long-term loading, Sippel (CEB 235 (1997)) gives a logarithmic 
formulation for the reduction in tensile strength of concrete with time 
(see Equation (2.27)). Rossier et al. proposed values of k in Equation 
(2.36) between 0.6 and 0.8 for practical calculations. 
ti 
I 
V 
w 
Figure 2.7 Modification of the final crack pattern stage 
F4 
r 
The cracked stage is divided into two stages as shown in Figure 2.8. 
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Figure 2.8 Force -strain relationship for the Rossier et al. model 
2.5.2.1 Progressive cracking 
The value of the axial force at the level of tension steel is given by: 
N= Nsr 1+ 
Nsrn - Nsr 1 (C - £sr 1) for SSr 1<s< Esrn (2.35) £srn - £srl 
where, 
s is the strain in tensile steel. 
£srI - kfc(.. t15%a 
/ Ec (2.36) 
£S,. n 
is strain in tensile steel corresponding to Ns, _n . 
NSrn is the axial force that 
corresponds to the last crack. ssrn is given by: 
£srn = Nsrn / EA AS - ßt (£sr z- £sr º 
NS,.,, is given by: 
kw =NsrºJcr, /195%/cr, Jl5% 
NV,., is given by: 
NSY, = £S,., EA, = csl-l 
(Eý As) + E5 AS 
Csr2 is given by: 
(2.3 7) 
(2.38) 
(2.39) 
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£Sr2 =1VSrI /E AS 
2.5.2.2 Final crack pattern 
The value of the axial force at the level of tension steel is given by: 
N= Nsrn + 
Ny, 
- 
Nsrn 
(£ 
_ £srn) 
for £srn <£< £y 
£y - £srn 
where, 
c1, is the yield strain of steel which is given by: 
S, =fy/ES 
NY = fy AS 
(2.40) 
(2.41) 
(2.42) 
(2.43) 
When steel yields, the value of the axial force at the level of tension steel is given 
by: 
N=Ny for->s}, (2.44) 
It should be noted that the axial force N represents the summation of the force in 
the tension steel and the tensile force in the concrete which gives rise to tension 
stiffening. 
The axial force, N, can not exceed the yield capacity of the reinforcement. The 
consequence of changing the slope of stabilised crack branch to intersect with N, ., as 
shown in Figure 2.8, is that the model does not include any tension stiffening after 
yielding. In reality, some residual tension stiffening remains after yielding (Bischoff 
(2001), Concrete Society (2004), Fields & Bischoff (2004) and Beeby et al. (2005)). 
2.6 Average stress-strain response for concrete in tension 
A widely used model for tension stiffening is based on the modification of the 
tensile branch of the concrete stress-strain relationship. An average stress-strain 
response for concrete in the post-cracking range is assumed. This methodology was 
considered by Lin & Scordelis (1975), Gilbert & Warner (1978), Bazant & Oh 
(1984), Carreira & Chu (1986), Massicotte et al. (1990), Prakhya & Morley (1990), 
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Kaklauskas & Ghaboussi (2001), Kaklauskas (2004) and Torres et al. (2004). They 
described cracking by a smeared model assuming an average concrete tensile stress. 
Although all of these constitutive diagrams posses similar features, their shapes and 
bounds differ significantly. 
Torres et al. (2004) have recently developed a model for tension stiffening in 
nonlinear finite element analysis which is calibrated to give similar curvature to MC- 
90 and EC2. Figure 2.9 shows the stress-strain diagram for concrete in tension 
adopted by Torres et al. Initially, when the tensile strain is less than the cracking 
strain s, , the slope of the 
loading branch is k as in the compression zone. 
sct is given by: 
sct = 
f" 
(2.45) 
E 
when cCt is exceeded a lower rigidity Et is considered which is given by: 
E1=-_a1 Ec + alfcta2 (2.46) 
a2 -1 -(a2 -1) 
where, 
Et represents the secant modulus of concrete which varies depending on the strain in 
each layer. 
c represents the strain in each layer. 
fit is the mean value of the tensile strength of concrete. 
aC 
tension fp 
-CE 
FIC 
Ea a2T , 
Figure 2.9 Equivalent stress-strain relationship for tensioned concrete 
Adopted from Torres et al. (2004) 
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The model depends on dimensionless coefficients al and a2 . Torres et al. (2004) 
carried out a parametric analysis on a number of rectangular sections subjected to 
bending moment with and without axial compressive force to select the optimal 
values of the coefficients a, and a2 taking as a reference the recommendation of MC- 
90 and EC2. According to Torres et al. (2004) a, and a2 are given by: 
a, = 0.4(1- 
N) 
(2.47) 
Afar 
a2 = 20.3-15.1d/h+1.31/np, -1.06 
d 1h 
(2.48) 
n p, 
where, 
N is the value of axial force (tension positive), 
A is the gross area of the section, 
d is the effective depth of the section, 
h is the depth of the section, 
n is the ratio between deformation moduli of concrete and steel, 
p, is the tension reinforcement ratio. 
Figure 2.10 shows stresses and strains for the considered cross section. Two possible 
stress laws are shown. In the first one, the tensile stress in the lower fibre is non 
zero, while in the second one such tensile stress is zero. These two cases correspond 
to the second and third zones in the strain softening diagram for cracked concrete, 
respectively. 
E a(a) 
yd 
x2 
o(b) 
I I/- X3 
xs I 
Figure 2.10 Equivalent stresses and strains for a cross section 
Adopted from Torres et al. (2004) 
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Torres et al. (2004) have shown that the values of a, and a2 that best fit the sectional 
responses in moment -curvature and moment-axial strain are slightly different. They 
considered the values that fit moment-curvature, since bending deformation is more 
relevant for the global behaviour. 
Torres et al. (2004) have shown that the values of a, and a2 for instantaneous 
behaviour provided satisfactory results if implemented in a time- dependent analysis. 
Torres et al. (2003) assumed that loss of tension stiffening with time results from 
creep of concrete in tension. This is inconsistent with the conclusions of Scott & 
Beeby (2005) that tension stiffening reduces to its long-term value within a few 
weeks after first cracking as will be discussed in Section 2.10. Torres et al. 
recommended that creep strain in cracked concrete is determined considering the 
modulus of elasticity of concrete E rather than E, , since concrete 
between cracks 
undergoes creep (see Equation (3.110)). Their recommendation is equivalent to the 
suggestion by Alwis et at. (1994) that the magnitude of creep under a unit tensile 
stress is the same under unit compressive stress (i. e. no magnification of creep under 
tension). 
The Torres et al. tension stiffening model uses the same stress-strain relationship for 
each layer to find curvatures and strains. In reality, tension stiffening arises due to 
bond between steel and concrete. One inadequacy in this approach stems from the 
fact that the degree of tension stiffening in any tensile region depends not only on 
concrete properties but also on the proximity of the tension steel. In reality, fibres 
close to the reinforcement carry larger average tensile stresses than fibres distant 
from reinforcement which is inconsistent with smeared crack models of the type 
described in this section. 
2.7 Comparison between tension stiffening models 
The author has identified the following similarities and differences between the 
previously discussed tension stiffening models: 
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" The MC90 & EC2 models interpolate between uncracked and fully-cracked 
sections to find mean curvatures and strains. The Rossier et al. model uses an 
average section after cracking to find curvatures and strains; therefore, the 
effect of tension stiffening is modelled directly, rather than by interpolation. 
These types of models are attractive for numerical analysis since they avoid 
the need to analyse both cracked and uncracked sections. 
" The Rossier et al. model uses the concrete cover and bar diameter to find the 
effective area of concrete in tension. The EC2 and Torres et al. models do 
not take these factors into account. 
" The Rossier et al. model accounts for the variation of tensile strength of 
concrete along the length of the member indirectly by considering the 
progressive cracking and stabilised cracking stages. The EC2 and Torres et 
al. models ignore this effect. Therefore, from a physical point of view the 
Rossier et al. model is appealing. 
" The Rossier et al. model accounts for loss of tension stiffening with time by 
using the k factor, which corresponds to the 8 factor in the EC2 model. The 
Torres et al. model, on the other hand, relates loss of tension stiffening to 
creep in tension. The key difference is that k and l3 can be defined as 
functions of time independent of creep. 
" In the Torres et al. model the centroid of tension stiffening force moves 
towards the neutral axis with increasing moment. In reality tension stiffening 
arises due to bond between steel and concrete. Therefore, the centroid of 
tension force is probably located near the tension reinforcement as assumed 
in tension tie models. 
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" EC2 uses the same interpolation coefficient to calculate mean curvatures and 
strains. Torres et al. uses the values of a, and a2 that best fit the sectional 
response in moment-curvature for moment-axial strain. 
2.8 Loads under which long-term deflection should be calculated 
The greater part of deflection is normally due to sustained loads. Therefore, EC2 
(2004) recommends that long-term deflections to be calculated under the quasi- 
permanent load, which is calculated using a reduced imposed load which is given by 
yJGk where yi is a reduction factor which depends on the type of structure. Typical 
values of q/ are shown in Table 2.1. 
Table 2.1 Proportion of imposed load to consider as permanent 
Type of building Percentage of imposed load 
considered as permanent yr (%) 
Domestic residential area 30 
Office areas 30 
Congregation areas 60 
Shopping areas 60 
Storage areas 80 
2.9 Methods for calculating long-term curvatures and strains 
2.9.1 Ghali & Favre (1994) approach 
The method proposed in MC90 (1993) to calculate the mean short-term curvature 
can also be extended to calculate long-term curvature. State 1 (uncracked) and 2 
(fully-cracked) strains and curvatures at time t are calculated using the following 
equations: 
£i (t) = el (to) + Ac, (2.49) 
£2 
(t) 
= £2 
(to) + 062 (2.50) 
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vgi (t) = VV1 (to) + AV, 
V/2 
(t) 
= V2 
(to) +A V/2 
where, 
(2.51) 
(2.52) 
Ac, is the time-dependent strain due to creep and shrinkage for uncracked section. 
Ost is the time-dependent strain due to creep and shrinkage for fully-cracked 
section. 
AV/, is the time-dependent curvature due to creep and shrinkage for uncracked 
section. 
AV2 is the time-dependent curvature due to creep and shrinkage for fully-cracked 
section. 
The mean strain at time t is given by: 
£m 
(t) 
_ 
ý1 
-0 E , 
(t) + ýE2 (t) (2.53) 
is given by Equation (2.17 ) with X32 =0.5. 
The mean curvature at time t is given by: 
Vm 
(t) 
= 
(1-ý)ý1 (t)+cf2 (t) (2.54) 
Ghali & Favre (1994) derived expressions for calculating the additional strain and 
curvature in a section due to creep and shrinkage as described below. 
The change in strain during a period to to t due to creep and shrinkage is defined by 
the increments Aei and Ayr in the axial strain and curvature, respectively, where 
the o in Aco is an arbitrarily chosen reference point, as shown in Figure 2.11. 
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0o 
(to) 
ASo 
Figure 2.11 Analysis of time-dependent strain in a composite section 
The time-dependent change in strain is first artificially restrained by application of 
an axial force AN at o and a bending moment AM. Subsequently, these restraining 
forces are removed, by the application of equal and opposite forces to the composite 
section of steel and concrete, resulting in the following changes in axial strain and 
curvature: 
4£0 I -B -AN 
A EC(t, toX AI - B` BA -AM 
where, 
(2.55) 
E, (t, to) is the age-adjusted modulus of elasticity of concrete at time t, given by: 
Eýtýto 
E, (to) 
C 1+%(t, to»(toto) 
Ec (to) is the modulus of elasticity of concrete at time to . 
0 (t, to) is the creep coefficient of concrete. 
x (t, to) is the aging coefficient (less than one). 
(2.56) 
If the increment in stress is gradually introduced during the period to tot, the creep 
is smaller in magnitude compared to the creep corresponding to a stress of the same 
magnitude applied at to and sustained during the period (t -to). Therefore the creep 
coefficient is replaced byX(t, to) O (t, to) . The concept of the aging coefficient was 
first introduced by Bazant (1972). 
The modular ratio becomes: 
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ä(t, to)=_ES (2.57) 
E, (t, to ) 
A is the area of the age-adjusted transformed section. 
Band I are, respectively, the first and second moments of the area of the age- 
adjusted transformed section about an axis through reference point 0. 
The restraining forces are calculated as the sum of two terms: 
IAN AN AN 
OM AM 
creep 
AM 
shrinkage 
(2.58) 
If creep were free to occur, the axial strain and curvature would increase during the 
period to to t by the amount 0 (t, to ) so (to) and 0 (t, to ) yr (to) , respectively. The 
forces required to prevent creep are: 
, ý7ý, ý -Ec 
(tý to )O(t, to 
Ac Bc £o(toý (2.59) 
A 
creep 
Bc Ic v(to) 
AN I 
where, 
A, is the area of the concrete section. 
B is the first moment of A, about an axis through o. 
I is the second moment of A, about an axis through o. 
The forces required to prevent shrinkage are: 
1A 
= -Ec 
(t, to)£sh (t, to 
A` 
(2.60) 
AM 
shrinkage 
Bc 
£Sh (t, to ) is the free shrinkage strain. 
The analysis is assumed valid for both uncracked and fully-cracked sections. Ghali 
& Favre (1994) assumed a constant compression zone depth in the fully-cracked 
section. In reality, creep, shrinkage, changes in bending moment and axial force 
result in redistribution of strains and stresses between steel and concrete. 
Consequently, a continuous change of the depth of neutral axis occurs, leading to a 
time-varying compression zone depth. 
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2.9.2 EC2 (2004) model 
In EC2 (2004) creep is accounted for by using an effective modulus of elasticity for 
the concrete which is defined as follows: 
E 
` (2.61) 
1+0 
where, 
0 is the creep coefficient. 
The shrinkage curvature is given by: 
il/sh = £Sh ae 
sI2.62 
where, 
ae is the effective modular ratio, 
E, 
Ec 
ei 
S is the first moment of area of the reinforcement about the centroid of the age- 
transformed section. 
I is the second moment of area of the age-transformed section about its centroid. 
£Sh is the free shrinkage strain. 
Equation (2.62) is assumed to be applicable to both uncracked and fully- cracked 
states. The mean curvature is assessed by Equation (2.23). Alexander (2002b) 
criticised this approach in that the behaviour under shrinkage is different from that 
under load, so there is no need to adopt the same approach. 
The author has identified the following disadvantages in the EC2 method: 
" Decouples calculation of shrinkage curvature from creep curvature. 
" Does not use aging coefficient. 
" Does not give axial strain due to shrinkage. 
" Calculates age-transformed section properties using full depth of concrete to 
neutral axial at time t. 
61 
Literature review 
2.10 Internal restraint of shrinkage 
In concrete structures, reinforcement embedded in the concrete provides restraint to 
shrinkage. As the concrete shrinks, the reinforcement is compressed and imposes an 
equal and opposite tensile force on the concrete at the level of the reinforcement. 
This gradually increasing tensile force causes tension in the concrete that can lead to 
cracking. 
Gilbert (1999) suggested that loss of tension stiffening is affected significantly by 
shrinkage. He proposed the cracking moment to be calculated with a stress equal to 
the concrete tensile strength less 70% of the tensile stress induced by final shrinkage. 
Gilbert (2003) suggested including the shrinkage-induced tension by reducing the 
tensile strength by 
1.5 pEsssh* f`s - 1+50p 
where, 
p is the tensile reinforcement ratio `4s` bd 
E is the modulus of elasticity of steel. 
ssh* is the final free shrinkage strain. 
(2.63) 
According to Alexander (2002a) the restraint of shrinkage by reinforcement means 
that tensile stress is induced in the concrete with the value (for symmetrically 
reinforced members): 
act _ 
£Sh ES P,, (2.64) 
1 +apn 
where p is the net ratio of reinforcement area to concrete area given by: 
P (2.65) P" 
1- P 
where 
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p is the ratio of reinforcement area to total section area. 
a= 
ES 
(2.66) 
E,., ff 
Alexander (2002a) recommended that the tensile strength of concrete should be 
reduced by o-, to take into account the effect of restrained shrinkage by 
reinforcement when determining the cracking moment. 
Vollum (2002) suggested that it is more logical to model shrinkage as a strain - 
induced load rather than reducing the cracking moment since the effect of uniform 
shrinkage is equivalent to an eccentric axial load. Therefore, he suggested that the 
influence of restrained shrinkage by reinforcement can be included in deflection 
calculations by calculating the interpolation coefficient, (see Equation (2.22)), with 
the actual concrete tensile strength and a maximum stress given by: 
61 
max 
= 61 
max 
+ 
ctsh (2.67) 
Vollum (2002) showed that the tensile stress induced in the extreme fibre of 
uncracked sections by shrinkage is given by: 
ctsh 
(t) 
= E's£sh 
(t, ts) Sl 
ýý 
-x1) 
+ 
As"ý£sh (ti is 
1 (2.68) 
Il Ac (l + (ae -1) 
(A + P, ý )) 
where, 
S, is the first moment of area of the reinforcement about the centroid of the age- 
transformed uncracked section. 
h is the section depth. 
x, is the depth to the neutral axis in state 1. 
pl is the tension reinforcement ratio. 
A (2.69) P, _ A,, 
pýý is the compression reinforcement ratio 
AS / (2.70) p' 
A 
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Hence, the interpolation coefficient is given by: 
2 
=1- /31 ßz . 
fct 
(2.71) 
6l max 
The coefficient ß2 in Equation (2.71) accounts for the increase in curvature due to 
loss of tension stiffening with time. The loss of tension stiffening with time can be 
considered to result from the interaction of creep of concrete in tension, shrinkage 
and development of further cracks. 
Scott & Beeby (2005) carried out a series of tension tests to determine the rate at 
which tension stiffening is lost with time in cracked members. They found that 
tension stiffening reduces from its instantaneous value to a steady state long-term 
value in only about 20 days from loading, as shown in Figure 2.12. Generally, the 
development of cracking or internal failure is more significant than creep and 
shrinkage. Their conclusion that tension stiffening is lost rapidly within a few weeks 
after first cracking due to additional cracking under sustained loads is consistent 
with the work of Vollum (2002) who showed that tension stiffening is lost more 
rapidly in slabs which crack extensively on loading than in slabs which barely crack 
on loading. Vollum (2002) concluded that shrinkage is not the main cause of loss of 
tension stiffening in cracked members after loading. Therefore, he suggested that 
Equation (2.71) be used if the section is uncracked at first loading; otherwise 
Equation (2.22) should be adequate. 
1 
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Figure 2.12 Concrete tensile stress against time 
Adopted from Scott & Beeby (2005) 
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2.11 External restraint of shrinkage 
The behaviour of reinforced concrete members subject to restrained shrinkage was 
studied by Base & Murray (1982) and Tam & Scanlon (1986a). 
Gilbert ((1992) and (2001)) proposed a method for calculating the final restraint 
force induced by shrinkage in axially restrained members not subject to bending. 
The method makes due allowance for cracking and creep. 
Consider the fully-restrained member shown in Figure 2.13a. As the concrete 
shrinks, the restraining force N(t) gradually increases until the first crack occurs 
when 
N(t) = A, f, 
where 
A is the cross-sectional area of the member. 
f, is the tensile strength of the concrete. 
A. g : aura of reinfacring sues 
N(t) N(t) - Aefi 
L 
(a) Just prior to first cracking 
F 
Na ,I 
am. 
L 
(b) Jett after first aactdng. 
so " so 0cl act 
Rcsion 1 Region 2 Rc '1 
(a) Average concrete mess jest Diu ß: at ascbng- 
'(d) Soul sucu just Ow first ricking. 
Figure 2.13 First cracking in a restrained direct tension member 
Adopted from Gilbert (1992) 
(2.72) 
65 
Literature review 
A tensile force is induced in an axially restrained member by shrinkage. The 
maximum force that develops in an axially restrained member is equal to the load at 
which the member cracks. Cracking occurs when the tensile stress in the concrete 
reaches its tensile strength and the axial stiffness reduces accordingly. Therefore, the 
restraining force reduces below Nr, immediately after first cracking, and the 
concrete stress away from the crack reduces below the tensile strength of the 
concrete. The concrete to either side of the crack shortens elastically due to the 
reduction in tensile stress, and the crack opens to a width w, as shown in Figure 
2.13b. At the crack, the steel carries the entire force and the stress in the concrete is 
zero neglecting any crack bridging. In the region immediately adjacent to the crack, 
the stresses in the concrete and steel vary considerably. At some distance so to either 
side of the crack, the concrete and steel stresses are no longer influenced directly by 
the presence of the crack, as shown in Figures 2.13c and 2.13d. 
In Region 1, where the distance from the crack is greater than or equal to so , the 
concrete and steel stresses are 6c, and 6S, , respectively. Since the steel stress at the 
crack is tensile and the overall elongation of the steel is zero (full restraint), 6S, is 
compressive. Equilibrium requires that the sum of the forces carried by the concrete 
and the steel at any section to equal the restraining force. Therefore, with the force in 
the steel in Region 1 being compressive, the force carried by the concrete must be 
tensile and somewhat greater than the restraining force. In Region 2, where the 
distance from the crack is less than so 5 the concrete stress varies 
from zero at the 
crack to cc, at so from the crack. The steel stress varies from 6s2 (tensile) at the 
crack to 6S, (compressive) at so from the crack, as shown in Figures 2.13c and 2.13d. 
To determine the crack width w and the concrete and steel stresses in Figure 2.13, 
the distance so , over which the concrete and steel stresses vary, needs to 
be known 
and the restraining force Ncr needs to be calculated. An approximation for so may be 
obtained using the following equation. 
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So =d 1 ýp 
(2.73) 
where db is the bar diameter, 
and p is the reinforcement ratio 
A, 
4 
Gilbert (1992) showed that the concrete and steel stresses immediately after first 
cracking are 
6c1 = 
Ncr - us, As ` 
Nor (I+ C1) 
(2.74) 
Ac Ac 
6s1 - 
2so Nor 
= _Cl 
Ncr 
(2.75) 
3L - 2so AS AS 
Ncr 
O -s2 =A (2.76) AS 
where, 
2s 
cl = U- 2so 
(2.77) 
If a is the modular ratio, 
ES 
(2.78) 
E 
The restraining force immediately after first cracking is 
Nor = 
ap. f, A` (2.79) 
C, +ap(1+C1) 
After first cracking, the concrete is no longer fully restrained since the crack width 
increases with time as shrinkage continues. A state of partial restraint therefore 
exists after first cracking. Subsequent shrinkage causes the restraining force N(t) to 
gradually increase and a second crack may develop. Additional cracks may occur as 
the shrinkage strain continues to increase with time. However, as each new crack 
forms, the member becomes less stiff and the amount of shrinkage required to 
produce each new crack increases (see Figure 2.14). The process continues until 
shrinkage stops or a fully developed crack pattern forms. The concrete stress history 
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in an uncracked region is shown diagrammatically in Figure 2.14. The final average 
crack spacing S, and the final average crack width, w, depend on the quantity and 
distribution of reinforcement, the quality of bond between concrete and steel, the 
amount of shrinkage and the concrete strength. 
After all shrinkage has taken place and the final crack pattern is established, the 
average concrete stress at a distance greater thanso from the nearest crack is 6c, * 
and the steel stresses at a crack and at a distance greater than so from a crack are 
as2* and a,, * , respectively. 
(a)Portion of a restrained member after all cracking. 
W 
SO s0 
*cl 
SO SO 
cl 
SO SO 
Re ion 2. Region 1 Re 'on 2 Region I Region 2 
(b) Average concrete stress after all shrinkage. 
6*d a*s2 a*s2 
A 
a*$i a*$i 
w w 
cc c_ c_ 
(c) Steel stress after all shrinkage cracking. 
Figure 2.14 Final concrete and steel stresses after direct tension cracking 
Adopted from Gilbert (1992) 
Gilbert (1992) showed that provided the steel quantity is sufficiently large, so that 
yielding does not occur at first cracking or subsequently, the final restraining force is 
given by: 
N(cc) a 
AS (6a,. +Esh*E, Ij) (2.80) CZ 
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where, 
N (oo) is the final shrinkage- induced restraining force, 
ESh* is the final shrinkage strain, 
Eof is the final effective modulus of elasticity of the concrete and is given by 
Ec. 
e/f 
=E (2.81) 1+0* 
0* is the final creep coefficient 
a* is the effective modular ratio 
a= 
ES 
(2.82) 
Ec, 
ejj" 
= 
2s 
C2 
3S - 2so 
(2.83) 
S is the crack spacing given by: 
S= 
2s0(1+ 
3 
(2.84) 
-a P 6av + Esh Ee (2.85) 
a P(6av +ss,, Ee )+fit 
a-av is the average stress in the uncracked concrete (see Figure 2.15) and may be 
assumed to be 
bat, =(a,, +fit)/2 
Concrete sates 
ft 
6nr 
ßc1 
ist cricking 
Figure 2.15 Concrete stress history in Region 1 
Tune 
cl 
(2.86) 
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The following assumptions are implicit in Gilbert analysis: 
9 The slab is fully restrained. 
0 Linear elastic behaviour of steel is valid (i. e. the stress in the steel is less than 
the yielding stress). 
9 The variation of steel stress in Region 2 is parabolic. 
2.12 Choice of tensile strength of concrete in deflection calculations 
Deflections in slabs can be sensitive to the concrete tensile strength which is usually 
uncertain due to variations in material properties and the influence of restraint. The 
choice of concrete tensile strength in deflection calculations is complicated by the 
fact that the measured tensile strength depends on the test methods as described 
below. 
Methods to determine the tensile strength of plain concrete can be classified into one 
of the following categories: 
" direct tension, 
0 flexural strength, 
" indirect tension (splitting test). 
Because of the difficulties associated with applying a pure tensile force to a plain 
concrete specimen, there are no standard tests for direct tension. The axial tensile 
strength of concrete can be estimated indirectly from the splitting test which gives 
the splitting tensile strength. 
The flexural strength is obtained by testing a plain concrete beam in third point 
testing. EC2 (2004) gives the following equation for the mean concrete flexural 
tensile strength 
fctm, fl = 
(1.6 -h/ 1000) fctri, > fit.. (2.87) 
where, 
h is the member depth in mm, 
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fctm is the mean axial tensile strength which is defined as follows in EC2 (2004) 
fctm = O. 3 
ck2/3 
(2.88) 
where 
f 
,k 
is the characteristic compressive strength of concrete. 
In the absence of internal or external restraint, the flexural strength should be used in 
deflection calculations. However, in practice some degree of restraint is invariably 
present. 
Eurocode 2 (2004) takes account of normal levels of restraint by recommending the 
use of the axial concrete tensile strength in deflection calculations. However, the 
code does not define what level of restraint is normal. If there is little restraint 
present, a value between the axial and flexural tensile strength may be assessed 
(Concrete Society (2005)). 
Vollum (2002) stated that the flexural tensile strength is too high for deflection 
calculations unless the effect of restrained shrinkage is included in the calculation of 
cracking moment. 
According to Ghali (1993) the tensile strength of concrete depends on the gradient of 
stress diagram over the depth of the section. Ghali proposed that the value of tensile 
strength of concrete varies between 0.5 f fl when the section is subjected to axial 
tension, to f fl for a section in pure flexure, where f fl is the flexural tensile strength 
of concrete. This assumption implies that the flexural strength of concrete is twice 
the axial strength which is not generally the case. 
Favre & Charif (1994) used a reduced value of the tensile strength to account for the 
effect of axial tensile force in deflection calculations. 
fN (2.89) ct, red  
{ýct 
A 
where , 
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N is the axial force with tension positive. 
Scanlon & Murray (1982) replaced the modulus of rupture J. (equivalent to flexural 
strength), by a reduced effective value to account for the effect of external restraint 
of shrinkage in deflections calculation, given by: 
fe =r- fres (2.90) 
where, 
fYes represents a calculated or estimated value of restraint stress. 
Scanlon & Murray (1982) suggested that applying the full value of calculated 
restraint stress could result in zero effective modulus of rupture, and tension 
stiffening would not be accounted for. They concluded that a reduction in calculated 
restraint stress is necessary to allow for the effect of tension stiffening. They 
suggested a reduction of 50 percent in the value of the restraint stress. 
Tam & Scanlon (1986b) recommend that a reduced effective modulus of rupture be 
used for calculating deflection to properly account for the degree of cracking 
induced by restrained shrinkage. 
Graham &Scanlon (1986), Thompson & Scanlon (1988) and Sherif & Dilger (1998) 
recommend that an effective modulus of rupture equal to half the ACI code value 
(i. e. 0.3 
Ff, ' MPa) be used for calculating deflection to properly account for the 
degree of cracking induced by restrained shrinkage. 
Ghali (1989) suggested reducing the tensile strength of concrete if shrinkage is 
expected to produce axial tension, e. g., when the floor is monolithic with stiff 
columns. 
Hossain &Vollum (2002) suggested that the effective tensile strength of the concrete 
within the internal panels of the Cardington insitu concrete building was less than 
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assumed in their analysis due to lateral restraint of in-plane shrinkage by the 
surrounding slabs since their analyses underestimated deflection in internal panels. 
It is concluded that there is little consensus on the magnitude of concrete tensile 
strength that should be used in deflection calculation. It should be noted that choice 
of tensile strength depends on whether the calculation method accounts for 
restrained shrinkage. 
2.13 Concluding remarks 
Various crack models have been presented along with their formulations. These 
include moment-curvature relationships, modified relationships for the stress-strain 
responses of reinforcement in which an area of concrete, located at the tensile-steel 
level, is assumed to provide tension stiffening and average stress-strain response for 
concrete in tension. The similarities and differences between the models have been 
discussed. The objective of the current work is to model time-dependent behaviour 
of axially restrained reinforced concrete slabs in which a time dependent axial force 
is induced by restrained shrinkage. This requires a tension stiffening model suitable 
for combined bending and axial force. Three tension stiffening models are found 
suitable for the case of combined bending and axial force. These are the EC2 
following Ghali & Favre (1994) interpolation coefficient, Rossier et al. (1998) and 
Torres et al. (2004) models. 
Methods for taking into account shrinkage restraint by reinforcement in deflections 
calculation have been discussed. A method for calculating axial restraint force in 
members not subjected to gravity loading has been presented. There is a little 
consensus on the value of tensile strength of concrete that should be used in 
deflection calculations. Simplified procedures to model the effect of external 
restraint in deflections by reducing tensile strength have been presented. 
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Ghali & Favre (1994) developed a method for calculating time-dependent 
increments in strains and curvatures due to creep and shrinkage. Their method is 
based on the assumption that the compression zone depth in the cracked state is 
constant with time. In axially restrained slabs, the compression zone depth changes 
significantly with time. This can only be accounted for using the so-called layered 
approach. A numerical model based on the layered approach is developed in the 
following chapter. 
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Development of numerical model 
3.1 Introduction 
This chapter describes a numerical procedure developed for calculating deflections 
in axially restrained reinforced concrete one-way spanning slabs subject to gravity 
loading. The method is based on a secant stiffness formulation, in which the member 
cross-section is modelled using the so-called layered approach. The model 
incorporates nonlinear-effects due to cracking and time-dependent effects due to 
creep, shrinkage and variation of elastic modulus of concrete with time as well as 
geometric nonlinearity due to second order effects. Three tension stiffening models 
are incorporated into the numerical model; namely, the models of EC2 (2004) with 
the interpolation coefficient suggested by Ghali & Favre (1994), Rossier et al. 
(1998) with some modifications and Torres et al. (2004). Creep strains are calculated 
using the principle of superposition. The method accounts for the shift in position of 
the neutral axis with time due to the combined effect of creep, shrinkage, variation in 
elastic modulus of concrete with time, change in bending moment and axial force. A 
computer program is developed to implement the method. 
Development of numerical model 
3.2 Basics of the author's model 
3.2.1 Material and geometric non-linearities 
Reinforced concrete structures respond nonlinearly to service loads and therefore 
require a non-linear analysis for deflection prediction. Theoretically, the non- 
linearity in the load-displacement response is caused by non-linear strain- 
displacement relationships (i. e. large displacements) and /or non-linear stress-strain 
relationships. The non-linear stress-strain relationships are responsible for material 
non-linearity. The non-linear strain-displacement relations are referred to as 
geometrically non-linear behaviour (e. g. P-A effects). Both material and 
geometrical nonlinearities are accounted for in the model. 
3.2.2 Iteration technique 
Stiffness evaluation in non-linear analysis is directly dependent on the iteration 
technique used in the formulation. There are two main approaches to the stiffness 
evaluation in non-linear analysis; the secant stiffness and tangential stiffness 
formulations. In the secant formulations, the total forces are related to total 
displacements. The tangential formulations, on the other hand, relate the increment 
of displacement to the increments in forces. The choice of the appropriate iteration 
techniques depends on several factors of which the choice of material model is one 
of the most important (Polak et al. (1996)). Three material models are incorporated 
into the numerical procedure; namely, the EC2 (2004) with the interpolation 
coefficient suggested by Ghali & Favre (1994), Rossier et al. (1998) with some 
modifications and Torres et al. (2004) models. A secant formulation is adopted in 
the current model since it allows the implementation of the EC2 and Rossier et al. 
models without modifications. However, the Torres et al. model can be incorporated 
into a tangent stiffness formulation as described in Torres et al. (2003), which has 
the benefit that the time-dependent increments in strains and curvatures can be 
calculated directly and added to the strains and curvatures from the previous time 
step. 
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3.2.3 Time-varying stress history 
A linear creep law is known to be acceptable for stresses less than 0.45 fck (to) (EC2 
(2004)), where fck (to) is the compressive strength of concrete at the age of concrete 
at loading. An assumption of linearity implies validity of the principle of 
superposition. The principle states that the strain response due to the sum of stress 
histories is the sum of the individual responses. Gilbert (1988) reported that, for 
increasing stress histories, the principle of superposition agrees well with 
experimental observations. However, the accuracy is reduced when applied to a 
decreasing stress history since the principle of superposition overestimates creep 
recovery. The principle for superposition is adopted for the time analysis. 
3.2.4 Assumptions 
The following key assumptions are made in the analysis: 
" The cross-section is divided into number of layers. 
9 Plane sections remain plane and as a consequence the strain distribution is 
linear over the depth of the section. 
" Behaviour of steel is linear elastic (i. e. yielding of steel does not occur). 
" Behaviour of concrete in compression is linear elastic. 
" Creep of concrete is proportional to stress. 
" Superposition of creep is valid. 
" Thermal strains are neglected. 
3.2.5 Sign convention 
Tensile stress, tensile force, and the corresponding deformation are assumed 
positive. A positive bending moment produces tension at bottom fibre, and the 
corresponding curvature and slope of the stress diagram are negative. A reference 
point for moment evaluation is chosen at the top fibre. 
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3.3 Development of equations for the EC2 model 
The equations developed in this section are presented in a general form suitable for 
uncracked and fully-cracked (concrete in tension is ignored) sections. 
3.3.1 Short-term analysis 
The time to refers to the age of concrete at the time of application of the gravity 
loading. 
3.3.1.1 Axial force equilibrium 
The sum of the forces for concrete layers and steel must equal the axial force. Thus, 
M 
! Ft ýtoý+Fsl (to)+F2 ýtoý = N(to) (3.1) 
L=1 
where, 
Fýý is the force in the ith concrete layer, = 6C1 dAt 
m is the number of concrete layers, 
F, is the force in the bottom steel, =6S, As, 
Fsz is the force in the top steel, =6s2As2 
N is the axial force. 
Substituting for Ft , F, and 
Fs2 into Equation (3.1) gives: 
m 
ý6ci (to)dAi +a 1(to)Asi +a52 
(to)AS2 = N(to) (3.2) 
where, 
cc, is the stress in the concrete in layer i, = Rcl£T 
dA; is the area of ith layer. 
R is the material stiffness for each concrete layer. 
For uncracked sections, R=E, 
E is the modulus of elasticity of concrete. 
For fully-cracked sections (i. e. concrete in tension is ignored), 
R=E, , 
for layers in compression (i. e. -e1 <0), 
R=0, for layers in tension (i. e. sei >0). 
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Therefore, in the fully-cracked section layers in tension are not included in 
equilibrium equations. 
o,,, is the stress in the bottom steel, = E eS, 
6s2 is the stress in the top steel, = ESss2 
AS, is the area of bottom steel, 
Ase is the area of top steel. 
Substituting for 6, Z , 6S, and 6s2 
into Equation (3.2)gives: 
m 
Rd (to)c! (to) bhi +EEsi (to) AS1 +E 62 (to)AS2 = N(to) (3.3) 
l=1 
where, 
b is the width of cross section, 
hl is the thickness of the ith layer, 
e, is the strain at midpoints of each layer which is given by: 
s; (to)=so(to)-cr(to)yi (3.4) 
where, 
co is the strain at the top fibre (reference point). 
u is the curvature. 
y, is the coordinate of the ith layer measured downwards from the reference point ( 
top fibre). 
E is the modulus of elasticity of steel. 
ES, is the strain in the bottom steel which is given by: 
£S, (to) _ 6o (to) - yf 
(to) d, (3.5) 
's2 is the strain in the top steel which is given by: 
ESZ (to) = £o (to) - qf 
(to) dz (3.6) 
where, 
d, is the depth to the bottom steel from reference axis at top of the section. 
d2 is the depth to the top steel from reference axis at top of the section. 
Substituting for, 6, , ES, and ss2 
into Equation (3.3) gives 
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1] Rj (to)(£o (to)-V/(to) y1)bh1 +ES (£o (to) - Vf (to)dº)A, + 
1=º (3.7) 
ES (E0 (to)-1V (to) d 2)AS2 = N(to) 
Rearranging Equation (3.7) gives: 
m 
£o (to) (I Rai (to»h! +ESAS, +EsAs2 )- 
i=I (3. Ü) 
m 
V (t0 )(IRa (to)bhzy1 +E A1 d1 +ESAs2d2) = N(to) 
1=I 
Equation (3.8) can be rewritten in the form: 
4(to)Eo(to)-A, (to)yf (to)=N(to) (3.9) 
where, 
m 
Ao (to) - R,, (to)bh1 +EA l+ EA2 (3.10) 
A, (to)=1Rýi(to)bhiy; +ESA1d, +ESA2d2 (3,11) 
i=I 
3.3.1.2 Bending moment equilibrium 
With reference to the top fibre of the section, the sum of all moments of the forces in 
the concrete layers and steel must equal the bending moment at the section about the 
reference axis. Thus, 
m 
Mcd (t0) +Ms1 (t0) +Ms2 (to) =M(to) +N(to)e 
r=i 
where, 
M, is the moment for each layer about the reference axis, = Fcj y, 
MS, is the moment of bottom steel about the reference axis, = FF, dl 
Ms2 is the moment of top steel about the reference axis, = F 2d2 
M is the bending moment at a section, 
(3.12) 
e is the distance to the centroid of the axial force measured downwards from the top 
fibre. 
Substituting for M, , 
MS, and Ms2 into Equation (3.12) gives: 
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t(t0)yr 
+Fjt0)ds +F2 (to)dz = M(t0)+N(t0)e 
l=1 
Substituting for F1, FS, and ', 2 into Equation (3.13) gives: 
m 
10- 
ci 
(t0) dA1y1 +07 A 
(t0) As1dl +652 (t0)AS2d2 =M(to) +N(to)e 
j-, 
Substituting for cc, ,o and 6s2 into Equation (3.14) gives: 
m 
IRd (to (to) b hlyj + EE l 
(to)A 
1d1 +ES£S2 
(t0)A 
2d2 =M 
(to) +N (to) e 
j=l 
Substituting for E, , ES, and ss2 into Equation (3.15) gives: 
m 
R, (to)(Eo (to)-yi(to) yf)bh. y. +E (E0 (to) - yf (to)di)Asldl + 
t-1 
ES (so (to) - tv(to) d2 
)A2d2 
=M(to) +N(to) e 
Rearranging Equation (3.16) gives: 
m 
so (to)Rd (to)b h1 y1 +E, As, d. +ESASzd2)- 
m 
tf(to)Rj (to) b hty12 +E A, d12 +ESA2d22) =M(to)+N(to)e 
Equation (3.17) can be rewritten in the form: 
A, (to) £o (to) -A2 (to) 1(to) = M(to)+N(to) 
where, 
M 
A2( toto»hiy12+ESAsId12+EA2d22 
3.3.2 Time -dependent analysis 
(3.13) 
(3.14) 
(3.15) 
(3.16) 
(3.17) 
(3.18) 
(3.19) 
The model takes into account the effects of creep, shrinkage and aging (the decrease 
in the elastic strain due to the increase of modulus of elasticity of concrete with 
time) strains by including them in the free strain. 
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3.3.2.1 Axial force equilibrium 
The sum of the forces in the concrete layers and steel must equal the axial force. 
Thus, 
m 
1 
1(t1)+F1(t, 
)+Fs2(t1)=N(t, ) (3.20) 
Substituting for Fj, FS, and F2 into Equation (3.20) gives: 
m 
107ci(t, )dA; +6S, (t, )AS, +6S2(t) )Asz =N(t) (3.21) 
i=l 
Substituting for cc, , as I and a2 
into Equation (3.21) gives: 
m 
Rýý (t, )se1(t)bh1 +E E51(tl)Asp +E s2 (t1)As2 = N(t, ) (3.22) 
where, 
R, (t1) is the material stiffness for each concrete layer at time t, , 
£ei (t, ) is the elastic strain in layer i at time t, which is given by: 
Eel -E- £11 
(3.23 
The elastic strain (the strain which produces stress) is the difference between the 
total strain s; and the free strain cf. 
Substituting for sl into Equation (3.23) yields 
£ei - £o - Y' . 
yi -£ fi 
(3.24 
Substituting for sei ,cl and ss2 
into Equation (3.22) yields 
Rýý(tý)(£o(tl)- (ý)yý-Er(t,, to))bhl+ESý£o(tý)- u(t1)dl)A,, + 
(3.25) 
ES (£o (t, )d2)ASZ = N(tj) 
Rearranging Equation (3.25) gives: 
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m 
Co (0 (1 Rci (t, )bhp + ESAS, + EsAs2) - 
i=1 
M 
yr(t1)R1(tlýhiyi +EsA, jdl +E Aszdz) (3.26) 
M 
N`t, )+ Rci (t, )e (t1't0)U/ii 
=1 
Equation (3.26) can be rewritten in the form 
AO(t, )Eo(tl)-A, (tl)cu(tl)=N(t, )+RC (tI)Ef(tl, to)bh. (3.27) 
where, 
A(t, )= Rat(t, )bht+ESA1+EA2 (3.28) 
m 
Ai (t1) _ RAI (tt) bhl y1 +EA, d, + ESAszd2 (3.29) 
The free strains are determined from creep, shrinkage and aging strains. Therefore, 
Ef, 
(t1, t0)=£sh(ti 
, 
tO) -£ci (tiItO)+£ai (tl, t0) 
where, 
(3.30) 
6 sh 
(t, 
, t0) 
is the free shrinkage strain at timet, . The author assumes uniform 
shrinkage in the model, therefore the value of s Sh 
is the same in all layers. 
c, (tj, to) is the creep strain at time t, which is given by: 
£C[ (ti , to) = Gel 
(to) 0 (ti, to ) (3.31) 
0 (t, 
, to) 
is the creep coefficient of concrete; i. e. the ratio of the creep strain to the 
instantaneous strain due to a stress applied at time to and sustained to time t, . 
ca (tj, to) is the aging strain (the decrease in the elastic strain due to the increase of 
modulus of elasticity of concrete with time (Kang & Scordelis (1980)). 
at time t, which is given by: 
tai 
(t, t0)=fei(t0)' 
R, (t0)£ei(t0) 
(3.32) 
E, (r, ) 
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3.3.2.2 Bending moment equilibrium 
With reference to the top fibre of the section, the sum of all moments of the forces in 
the concrete layers and steel must equal the bending moment at the section about the 
reference axis. Thus, 
m 
Md (tl)+MA(t1)+Ms2(tl)=M(t, )+N(t1)e (3.33) 
Substituting forMc, , MSS and Ms2 
into Equation (3.33) gives: 
m 
F, (t, ) y! +F, (t, )d, +F2 (t, )d2 = M(t, )+N(t, )e (3.34) 
Substituting for F1, F, and F2 into Equation (3.34) gives: 
m 
6c1(tl)b hy! +6l (t, )AIdl +07s2 (tt )AS2d2 =M(tl)+N(tl)e (3.35) 
=ý 
Substituting fora-C1,6S, and 6s2 into Equation (3.35) gives: 
m 
R, 
t 
(t1)c 
. 
(t, )bh1yi 
+E e 1(t, 
)Asld, +E £s2 (tl )AS2d2 = M(tº)+N(tl)e ý_1 (3.36) 
Substituting for set 9 Es, and Est 
into Equation (3.36) gives: 
m 
R 1(tl)(£o 
(t1)-V (t1)yt isr (tl, to))bhlyl +ES 
(so (t, )-cu(tj)dý)AIdl+ 
(3.37) 
E (c0(t, )-yr(t, )d2)As2d2 =M(t, )+N(t, )e 
Rearranging Equation (3.37) gives: 
m 
so (t)(ýR i 
(t, Phly, +ESA, d, +ESAS2d2)- 
m 
(tr)R, 
r 
(t1Phey; 2 +EASld12 +EsAs2d22) _ (3.38) 
m 
M(t1)+N(t1)e+ýR i 
(t1)s Q1'to)bhiyt 
Equation (3.38) can be rewritten in the form: 
m 
A, (t, )co(t) -A2(tl)qf 
(tl)=M(tI)+N(tl)e+I RCl(tl)tcf(tl, to)bhiYi (3.39) 
i=l 
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where, 
m 
A2 (tº) = Rat (t, )bht y, 2 + ESA 1dºz + ESAs2d22 (3.40) 
3.3.2.3 Generalisation 
The equations for axial force and bending moment equilibrium can be generalised as 
below at time to : 
m 
4O(tn) Co (tn) -A (tn) Vf 
(tn) N(tn)+Rc1(tn)£r(tn'to 
l_hi 
(3.41) 
i=1 
Al (tn)co (tn)-`42 (tn)V/(tn) M(tn)+N(tn)e+1: R, 
\tn f 
(tn'to) bhiyi 
(3.42) i=1 
where, 
m 
Ao (t) Rc1(tn)bhi + ESAS, + ES42 (3.43) 
m 
A, (to) = J: R, (t)bhiyt +ESA,, d, +EsAs2d2 (3.44) 
i=l 
m 
A2 (tn) _ Rol (tn )bhi y12 + ESAS, d12 + ESAs2d22 (3.45) 
cf is the free strain in each layer of concrete which is given by: 
(t,,, to) = ssh (tn, to)+Ecl (t,,, to)+sal (tn, to) (3.46) 
ssh (t, to) is the free shrinkage strain at time to . 
cc, (t,,, to) is the creep strain at time to calculated using the principle of 
superposition. 
n-I 
ýci 
ltn't01 ^ße1/ \t0/T ltnýt0/+ý 
O--ei'(tj)o(tn, tj (3.47) 
j=1 
where, 
Ose1 is the change in elastic strain in each layer, 
t &e 
/ (ti )= 
£e/ 
(tj)Eei' (t_1) (3.48) 
where, 
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bei = so - yr yi - -cf/ (3.49) 
£fil 
(tn9t0) 
- £ci 
(tnItO)+£sh (tn9t0) (3.50) 
(ta, t) is the creep coefficient due to a stress applied at time tj and sustained to 
time to . 
In the current model, the creep strain caused by each stress increment at each time 
interval is calculated with the appropriate creep coefficient. This eliminates the need 
to introduce an aging coefficient in the creep analysis as used in the age-adjusted 
effective modulus method (see Section 2.9.1). However, this method requires the 
full stress history to be stored for each layer. 
sQ (tn, to) is the aging strain at time to which is given by: 
Cai 
(tn 
I 
t0) = £ei 
(to-1 ) 
n-1 Rci 
(tj) 
ll 
E, (t lA 
£ef 
\ 
tJ 
I 
Jc`nJ 
(3.51) 
The author has also developed the equilibrium equations for axial force and bending 
moment taking into account the variation in modulus of elasticity of concrete with 
time in calculating AO (tn) , A, 
(tn) and A2 (tn) but without including the aging strain 
in the free strain. The equations for axial force and bending moment equilibrium are 
given by (Kabosh et al. (2005)): 
Ao (t,, (t,, A, (tn, (tn) = (3.52) 
N (tn) + 
jRci (tn) (£f l (tn) + £ei 
(t,, 
-, 
)) bhi ,, 
IRi (J ) Ac, (tj )bh1 
i=1 i=1 j=0 
A, (tnA2(tn)tý(tn)= (3.53) 
m 
M(tn)+N(tn)e+1Rci (tn)(s 
fil 
(tn)+sei (tn_, ))bhiyi 
- 
i=1 
m n-1 
II Rci (tj )ei 
(t1)1'kY1 
i=1 j=0 
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Comparing Equations (3.52) and (3.53) with Equations (3.41) and (3.42) yields 
sai (tn, to) as given by Equation (3.51). The two sets of equations are equivalent. 
3.3.3 Mean curvature & strain 
The mean curvature at time to is calculated by interpolating between the curvatures 
in uncracked and fully-cracked sections following the recommendation of Ghali & 
Favre (1994). 
V. (tn) _ ý1-c)VI (tn)+4'2 (tn) 
for 6l 
max 
(tn) jß(t )fct (3.54) 
where, 
yi1 is the curvature of uncracked section. 
V2 is the curvature of fully-cracked section. 
The coefficient is given by Ghali & Favre (1994): 
=1_ 
f`t 2 
for6lmax(tn) (n) tf (3.55) 
6 ct I max 
61max is the tensile stress that would occur at the extreme fibre of an uncracked 
section due to combined moment and axial force. 
fit is the tensile strength of concrete. 
The variation of 8 with time is assumed as follows: 
For t=to, 8=1.0 
Fort - to < 20 days 
,ß= -0.1 log(t - to) + 0.68 (3.56) 
For the long-term, ß=0.5 
where to is the time of application of the load. 
Equation (3.56) is derived by the author to give the same tensile stress distribution 
for tension members as suggested by Scott & Beeby (2005) (see Section 2.10). It is 
assumed that the variation of 8 with time for tension members is applicable to slabs. 
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It should be noted that EC2 (2004) gives no equation for the variation of 8 with 
time between the values of 1.0 for short-term loading and 0.5 for long-term loading. 
The mean strain is calculated with the same procedure used to calculate the mean 
curvature. The mean strain is calculated by interpolating between the strains in 
uncracked and fully-cracked sections. The mean strain at the level of the axial force 
at time to is given by: 
£m 
\tn l 
=(I - 
ý) £ý 
(tn) 
-ý 
ý£2 (tn) for a, 
max 
(tn)> jß(tn) fct (3.57) 
where, 
s, is the strain at the level of axial force of uncracked section. 
C2 is the strain at the level of axial force of fully-cracked section. 
3.4 Development of equations for the Rossier et al. model 
The equations developed in this section are for the Rossier et al. tension stiffening 
model which was described in Section 2.5.2. The equations for equilibrium of axial 
force and bending moment for the uncracked section are similar to those presented 
in Section 3.3. The equations for equilibrium of axial force and bending moment for 
the cracked section are derived as follows (The notation used to describe the tension 
stiffening model is the same as used in Section 2.5.2): 
3.4.1 Short-term analysis 
3.4.1.1 Axial force equilibrium 
The sum of forces for concrete layers, steel and the axial force at the level of tension 
steel must equal the axial force. Thus, 
m 
i=l 
, 
(to)+F' (to)+Nts (to) = N(to) (3.58) 
where, 
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N,, is the axial force at the level of tension steel, which represents the summation of 
the force in tension steel and the tensile force in the concrete which gives rise to 
tension stiffening. 
Substituting for F1 and FS' into Equation (3.58) gives: 
M 
I cc, (to )dA. +a (to) A, ' + N, S 
(to) =N (to ) 
where, 
cc, is the stress in the concrete in layer i, = Rcic1 
R is the material model for each layer, which is given by: 
For layers is in compression (i. e. set < 0), R= Ec 
For layers is in tension, (i. e. sei > 0), R=0 
ßsß is the stress in the compression steel, 
(3.59) 
ASS is the area of compression steel. It should be noted that this value is either AS, or 
Ase depending on whether the top or bottom steel is in compression. 
Two cases are distinguished which correspond to progressive cracking and final 
crack pattern as described in Section 2.5.2: 
Case 1(progressive cracking): 
For sS (to) < £S, -n 
(to) 
N,, (to) =Nsri(t0) + 
Nsrn (to) - Nsrl (t0) (es 
E to -es, t srn 
()l(0) 
(to)-Esri(to)) (3.60) 
where, 
cS is the strain at the level of tension steel. 
NSrl (t0ý _ £Srl (t0)EA, _ Esrl (t0)(E 
(Ac, 
ef -As) + 
EA ) 
£Sri (to) =k E(to) 
(3.61) 
with k =1.0 
Nsrn (to) =1 
. 67 Nsr 1 
(to ) 
£= 
Nsrn 
(t0 ) 
(sr2 (t0) 
- £sr 1 
(t0c"', ý t0) - EsA s 
(3.62) 
(3.63) 
(3.64) 
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with/ = 0.4 
Csr2 ( t0) =N r1(t0) (3.65) E AS 
AS is the area of tension steel. It should be noted that this value is either A,, or 
A, 2 depending on whether the top or bottom steel is in tension. 
Substituting for N5 into Equation (3.59) gives: 
m 
R, 
1(t0)El 
(t0)bhl +Ec, ' (t0)AS" +Nr1(to)+ 
Nrn (t0)-1 Ar 
ýsr1 
(t0) 
(ES(to)-£Sri(to))=N(to) 
(3.66) 
£srn 
(t0) 
- £sr 1 
(t0 ) 
Rearranging Equation (3.66) gives: 
m 
Rd (to) s' (to »h, + Ess' (to) ASS + 
Nsr to - Nsrl ýt0) 
£S `to 
i=1 
N 
£srn 
(t0) 
- £srl 
(t0 ) 
(3.67) ýto) -N = N(to)-(Nsr1 (t0)- -',, I 
(to)) 
£srn 
(t0) 
-£ 
srl 
(to 
sr l 
(t0 ) 
Substituting for si and ES' into Equation (3.67) gives: 
m 
1, 
t(to)(so'(to)-V'(to)y, 
)bh, +EE(so'(to)-cf'(to)d' )AS' 
ýý (3.68) 
+LV 
7ýrsrn(to)- 
lýsrl(tol 
£' t' td NtNt 
Esrn 
(t0) 
- £sr 1 
(t0 ) 
where, 
N (to) = Nsri (to) - 
Nsm `tO) -N rl `tO) £sri (to) (3.69) 
£srn 
(t0) 
- £sr 1 
(t0 ) 
d is the depth to the tension steel from the reference axis at top of the section. It 
should be noted that this value is either d, or d2 depending on whether the top or 
bottom steel is in tension. 
d" is the depth to the compression steel from the reference axis at top of the section. 
It should be noted that this value is either d, or d2 depending on whether the top or 
bottom steel is in tension. 
Rearranging Equation (3.68) gives: 
90 
Development of numerical model 
m 
£o 
/(t 
)((t0) 
bhi + Es As l+ 
Nsrn toý - Nsr i to)) 
(t0 
rl -Esrl sn ` 
(t0 ) 
m' (to)(ýR1 (to»h1y1 +EAsid' + 
Nsrn to -N ri 
(toý 
qi d) = N(to -Ns to 
t=1 
Esrn 
(t0) )\/l/ 
£sr 
l 
(t0 
Equation (3.70) can be rewritten in the form: 
Ao'(to)£o'(to)-All (to)qf'(to)=N(to)-N (to) 
(3.70) 
(3.71) 
where, 
m 
Aol(to)=jR1(t0)bhl +E ASS + 
Nrn (t0)-N 
1 
(t0) 
Esrn 
(t0) 
- £sr 1 
(t0 ) (3.72) 
A« (toý = R, r 
(to)bý-Y1 + ESA' 
Case 2 (final crack pattern): 
d' + 
Nsrn (to)-Nsr1 
`to) d 
£srn 
(to) 
- --,, I 
(t0 ) 
For £srn (to) < £S (to) < £1, 
l NY -1VSrn lto/ Nts (t0) = N,, 
l 
(t0 
/+£ 
£s 
(t0) 
- £srn 
(t0) ) 
£y - srn 
(t0 ) 
N (t0) Nsrn (t0 ) N' - Nsrn 
(t0) 
(l srn 
(t0 
£y' - £srn 1t01 
mN-N (to 
Ao' (to) -ý Rat (to ýih. + ESA, ' +y srn 
=1 
£y - £srn 
(t0 ) 
m AT 
ýr 
Ai '( to) - Rýj(to )bht Y, + ES AS 'd '+11. 
-1 srn 
tý 
d 
ySýo i=l 
E-£ 
rn 
t 
i 
3.4.1.2 Bending moment equilibrium 
(3.73) 
(3.74) 
(3.75) 
(3.76) 
(3.77) 
The equation of bending moment equilibrium can be expressed in the form of 
Equation (3.18) as follows: 
All (to) L0l (to)-A2/ (to)t1f'(to)=M(to)+N(to)e-NS(to)d (3.78) 
Case 1 (progressive cracking): 
For ES (to) < £srn (to) 
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m 
A/(to 
ýi 
) R= (t »h. 2 +EA'd/2+Nsrnýtoý-Nsr' 
to 
d2 (3.79) zo , Yi ss i=1 £srn 
(t0) 
- Esrl 
(t0 
Case 2 (final crack pattern): 
For ssrn (to) < ES (to) < s, 
lm2/ /2 NY - Nsrn \ t0 
)2 
A2 (to) = Rd(t0»hy, +ESAS d+d (3.80) 
i=1 £y - £srn 
(t0 ) 
3.4.2 Time-dependent analysis 
The equations for axial force and bending moment equilibrium are given by: 
M 
Ao/(tl)s,, /(ti)-`41/(tl)t//(tl)=N(tl)-NS(tI)+ZR,, (tl)£f(t,, to )bhi (3.81) 
All (t, )äol (t, )- A2' (t, )Ifi" (t, ) _ 
m (3.82) 
M(t, )+N(t, )e-N (ti)d +jRci(tl)sf(tl, to)bh; y, 
i=1 
For ES 
(t, ) 
< £Srn 
(t, ) 
where, 
£Sr, ýt, )=k 
' 
(3.83) 
N (t, ) 
Nsr, (t, )_£Sr, (tl)EA1=Esrl(tl)(N(Acof-AS)+E As (3.84) 
Nm (t, ) =1.67Nsr, (t) (3.85) 
£srn ýtý) = 
NSrn (ti) 
_ At (tl) - £Srl (t1) (3.86) ESA 
(sr2 EJ 
S 
withX31 = 0.25 
m 
Aol(t1)= Rai(t1)bhi+EA, '+Nsrn 
t1)-Nr1(t1 (3.87) 
i=1 £srn 
(t1) 
- £srl `t1 
) 
m N (t) -Nt Al/ (t1) =I Rci (tn )bhiyi + EEAsiC[' + "" 1 srl 1d (3.88) 
i=1 £srn 
(t1) 
- Esr, 
(t1 ) 
m 
A2/ (t1 R, i(tl 
hid'? +ESA, 'di 2+ 
Nrn tl -Nsrl tl d2 (3.89) 
i=1 £srn 
(tl) 
- Esrl 
(t1 ) 
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NsNrl(t, )-Nsrn(t1)-Nsrl(t1) ssrl(t1) (3.90) 
£srn 
(t1) 
- Csrl 
(tl ) 
For es, (t, )<ES(t, )<cy 
m Ny N t) 
Ao'(t1)-ýRý, (t, )bht+ESA, ' + Srn 1 (3.91) 
i=1 £y - £srn 
(t1 ) 
m 
A, '(tt)=I R1(t1»h, Y1+ESA51d'+Ny-Nrn 
tl 
d (3.92) 
1=1 
Ey - £srn 
(t1 ) 
/m2/ /2 NY - N,, 
(tl )2 
A2 (t, )=I R, i(t, )bhiyi +EA 
d+d (3.93) 
i=1 £y - £srn `t1 
) 
(t1) 
NS(t, )=Nsrn(t1 
NY - Nrn ý- Esrn(tj (3.94) 
£y - £srn 
(t1) 
The equations for equilibrium of axial force and bending moment are generalised as 
follows at time to : 
m 
Ao'(tn)E0'(tn)-All (tn)tV'(ta) LV 
(tn)-N (tnl+Ri(tn) 
£. fl(tn, 
to )bhi (3.95) 
i=1 
All (tn)Co'(tn)-A2"(tn)V? (tn)= 
m (3.96) M(tn)+N(tn)e-NS (tn) d +R 
1 
(tn)£f (tn, t0)bhiyi 
i=1 
3.4.3 Mean curvature & strain 
The author analyses uncracked sections with the method developed in Section 3.3 
for EC2. 
The curvature at time to is given by: 
q/m(t, =V/i(t,, 
for 61max 
(t,, 
<k(t,, f, (3.97) 
where, 
yr, is the curvature of uncracked section. 
The curvature in cracked sections is calculated using the procedure developed in 
Sections 3.4.1 and 3.4.2. 
Vfm(tn)=V, 
(tn) (3.98) 
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The variation of k with time is chosen to be the same as that assumed by the author 
for 8 in the EC2 model. 
For t=to, k=1.0 
For (t - to) < 20 days 
k= j-0.11og(t-t0)+ 0.68 (3.99) 
For the long-term k=0.7 , which corresponds to 8=0.5 . 
The strain is calculated with the same procedure for calculating the curvature. The 
strain at the level of the axial force at time t/z is given by: 
£m 
(to) 
= £1 
(tn) for 61 
max 
(tn) <k (to ) 
ct 
where, 
c, is the strain at the level of axial force of uncracked section. 
Otherwise, the strain is calculated as the strain of average-cracked section. 
£m(tn)=£l(tn) 
3.5 Incorporation of Torres et al. model 
(3.100) 
(3.10 1) 
The equations for equilibrium of axial force and bending moment are similar to that 
presented in Section 3.3. The equations for axial force and bending moment 
equilibrium at time t are given by: 
m 
4 
(tn)£o(tn)-A1(tn)Vf (tn)=N(tn)+j]ki(tn)£, 
l(t, 
to)Uhi (3.102) 
i=1 
m 
Ai (tnAZ(tnýý(tný=M(tn+N(tn) e+R, l(tn f(tn, to) 
bhlyt 
(3.103) 
where, 
m 
' (3.104) Aottn)=ýR,, (tn)bh; +ESA, +ESA 
m 
A, (tn) - R,, (tn)bh; yl +EAd +E AS'd' (3.105) 
94 
Development of numerical model 
M 
A2 (tn) Rid (t, Phi yr2 + ESA, d 2+ ESASýd/2 
The material model for each layer is given by: 
R=E, for uncracked layers (i. e. Ce1 < &cr ), 
R= E1 , 
for cracked layers (i. e. sei > ccr ), 
R=0, for fully-cracked layers (i. e. sei > a2£cr ). 
where, 
(3.106) 
8cr is the cracking strain (i. e. the elastic strain corresponding to the tensile strength 
of concrete). 
ter = 
f" 
(3.107) 
E, 
E1 is the secant stiffness of each layer. 
Et (tn) a' E (t) + a'f``a2 (3.108) 
a2 -1 gel (tn) (a2 -1) 
The values of a, and a2 given in Equations (2.47) and (2.48) are adopted for both the 
short and long-term analyses. 
£f is the free strain in each concrete layer which is given by: 
E`I to, to) = Esh 
(to, 
to)+EC! 
(to, 
to)+Eai 
(to, 
t0 
£Sh (tn, t0ý is the free shrinkage strain at time t . 
c, j 
(t,,, to)is the creep strain at time to 
(3.109) 
calculated using the principle of 
superposition. 
The magnitude of creep is assumed to be the same in tension and compression. 
Therefore; the creep strain in each layer is calculated as follows (compare with 
Equation (3.47)): 
Rci (to n-l Rcý 
(tl 
/ 3.110) £Ci ( t,,, to) £ei (to) 0( tnIto) 
E (t l+1 
A£ej (ti)o(tn, ti) 
E( 
cof J=1 c(tj / 
3.6 Limitations of the model 
The author's model has the following limitations: 
95 
Development of numerical model 
" The author's method does not model the residual deflection induced by 
unloading. Unloading is assumed to be elastic back to the origin, which is not 
the case in reality. For the cases considered in this thesis the loading is 
predominately increasing. The error resulting from this assumption is 
considered small on the basis of previous work by Hossain (1999). 
" The author's method does not account for the variation in tensile strength of 
concrete with time. The concrete tensile strength is assumed to remain 
constant throughout the analysis from the time when the slabs are first 
loaded. This assumption should be of little consequence for the examples 
considered in this thesis where first loading is assumed to occur at 7 days 
after which there is little increase in concrete tensile strength. The increase in 
tensile strength of concrete with time can lead to cracked sections become 
less cracked. In reality, cracked sections can not become less cracked. This 
effect is accounted for in the implementation of the EC2 model by retaining 
the maximum cracking parameter (interpolation coefficient). 
3.7 Sequence of analysis 
The slab is divided into a number of equal intervals along its length. Each interval is 
divided into concrete layers. Firstly, an analysis is carried out on the slab neglecting 
the effect of geometrical nonlinearities. An initial value of the moments at the 
supports and the axial force are assumed. The curvature and strain at the level of the 
axial force are calculated for each section. Deflection and axial displacement are 
found by numerical integration of the curvature and strain, respectively. The values 
of bending moment and axial force which satisfy the boundary conditions are found 
iteratively. The resulting deflections are used in the second iteration to calculate new 
values for the deflections taking into account second order effects due to geometrical 
nonlinearity. The whole procedure is repeated until the deflections from two 
successive steps converge. 
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The time is divided into steps (see Section 3.8.7). The stress is considered constant 
during each time step and changes abruptly at the end of each step. Therefore, the 
magnitude of stress within each step does not vary from the value at the beginning of 
the step. At each time step subsequent to time to the stress in each layer is updated. 
The changes in stress in each layer result from: 
" Creep of concrete. 
" Shrinkage of concrete. 
" Variation in modulus of elasticity of concrete with time. 
" Change in bending moment. 
" Change in axial force. 
All these effects are lumped together at the end of the step to re-establish 
equilibrium. 
The same procedure is repeated for the second and subsequent time steps. It should 
be noted that the procedure described above is general and can handle axially 
restrained or unrestrained, statically determinate or indeterminate reinforced 
concrete one-way slabs. 
Geometric nonlinearity due to second order effects is taken into account by: 
a) including the deflection in the calculation of the eccentricity of the axial force. 
The moment resulting from the axial restraint force for each section is given 
by N(e - A) , where A is the 
deflection at the section under consideration. 
b) including the rotation of each element in the calculation of the axial extension of 
the member. The horizontal projection of each section is given by l cos 9, where 0 
is the rotation of each element and 1 is its length. The axial extension of the member 
is given by 
Y sl cos 9+L-Yl cos 8. The term L-1l cos B is relatively small compared 
with Z El cos 0 for small deflections and has been neglected in this work. 
97 
Development of numerical model 
3.8 Development of computer program 
A C++ computer program was developed by the author to calculate deflections in 
axially restrained reinforced concrete one-way slabs subject to gravity loading using 
the method described in Section 3.7. Three tension stiffening models for combined 
bending and axial force are incorporated into the author's computer program; 
namely, the EC2 (2004) model with the interpolation coefficient proposed by Ghali 
& Favre (1994), the tension tie model of Rossier et al. (1998) with some 
modifications and the smeared crack model of Torres et al. (2004). The components 
of the computer program are described below. 
3.8.1 Development of iteration scheme for axially restrained continuous one- 
way slabs 
In statically indeterminate one-way slabs the procedure described in Section 3.7 
results in a set of non-linear simultaneous equations which need to be solved at each 
time step. An iteration scheme is developed to fulfil the boundary conditions at each 
time step. A full description of the procedure is given in Appendix A. 
3.8.2 Development of iterative procedure for statically indeterminate slabs to 
the first degree 
The iterative scheme mentioned in Appendix A works with multiple variables. In 
order to find the solution of statically indeterminate slabs to the first degree; an 
iterative procedure based on the secant method for a single variable is implemented. 
3.8.3 Solution procedure for determining strains & curvatures in uncracked 
sections 
The solution procedure is described below. 
1. Calculate section properties A0, A, and A2 with R= EE . 
2. Solve the equilibrium equations (Equations (3.41) and (3.42)) to find the 
strain at the top fibre so and the curvature tv . 
98 
Development of numerical model 
An algorithm for the solution of simultaneous linear equation has been implemented 
into the computer program. 
3.8.4 Development of iterative procedure for determining strains & 
curvatures in cracked sections 
An iterative procedure is developed to find the strain at the top fibre so and the 
curvature yr .A 
full description of the procedure is given in Appendix B 1. 
3.8.5 Selection of number of sections along each span 
Each span is divided into a number of sections in the analysis at which curvatures 
are calculated. Since a numerical integration of the curvatures and strains is used to 
obtain the deflection and axial displacement, the accuracy of the method depends on 
how many sections are analysed along the span. The author has found 20 sections 
are adequate in most cases (see Tables 5.12 and 5.13). 
3.8.6 Selection of number of layers 
The cross section is divided into a number of layers in the analysis. The accuracy of 
the method depends on the number of layers. The author has found that 20 layers are 
adequate in most cases (see Tables 5.14 and 5.15). 
3.8.7 Selection of time steps 
Bazant (1972) suggested that for time- step analysis the selected times are best 
chosen in the form of a geometric progression, in which time steps are constant in 
the log(t - to) scale as given by: 
t = t0 + (tn_1 - to 
)x 10S (3.111) 
where, 
to is the time at the beginning of first step, 
to is the time at the end of current step. 
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Bazant (1972) also indicated a high accuracy is usually achieved with the first 
interval (At, ) set to 0.01 days and sin Equation (3.111) normally ranges from 0.125 
to 0.5. Equation (3.111) defines an automatic process for obtaining the next time 
step from the previous time for given values of to, At, and s. The author has found a 
value of s equal to 0.4 is adequate in most cases (see Tables 5.16 and 5.17). 
3.8.8 Incorporation of time functions 
The expressions for time functions of modulus of elasticity, creep coefficient and 
free shrinkage strain of concrete according to MC-90 (1993) (presented in Appendix 
C) are incorporated into the computer program. The author has used the MC-90 time 
functions since it gives reasonable estimates of measured creep and shrinkage strains 
(Vollum (2001)). 
3.9 Equations of equilibrium using the sectional approach 
The equations developed for the EC2 tension stiffening model (see Section 3.3) can 
be applied in a sectional analysis without dividing the cross-section into layers. The 
following additional assumptions are made: 
" The compression zone depth is constant. In fact, this assumption is 
mandatory for the principle of superposition for modelling creep to be valid 
for the sectional approach. 
9 The modulus of elasticity of concrete is constant with time. 
3.9.1 Short-term analysis 
The equations for axial force and bending moment equilibrium are given by: 
Aoso(to)-A, yr(to)=N(to) (3.112) 
A,,, (to) - A2V (to )= M 
(to) + N(to) e (3.113) 
where, 
co is the strain at the top fibre (reference point). 
yr is the curvature. 
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Ao = Ebc + ES A, + ES Ase (3.114) 
for io >0 and Eb <0 (Top fibre in tension and bottom fibre in compression) 
A, = Ecbc(D-c/2)+EAjd, +ESA 2d2 (3.115) 
A2 = EE(bc3 /12+bc(D-c12)2)+ESAS, d12 +ESA52d22 (3.116) 
otherwise, 
A, = Ebc2 /2+ EAS, d, + ESAs2d2 (3.117) 
A2 = EEbc3 /3+ ESAS, d, 2 +E A52d2 2 (3.118) 
where, 
Eb is the strain at bottom fibre, which is given by: 
sb=so-y1D (3.119) 
c is equal to the depth of the concrete in the section , 
For an uncracked section, c=D 
For a fully-cracked section 
for c,, >0 and cb >0 (Whole section in tension) 
c=0 (3.120) 
for Eo <0 and sb <0 (Whole section in compression) 
c=D (3.121) 
for so >0 and cb <0 (Top fibre in tension and bottom fibre in compression) 
c=D- 
£° (3.122) 
for so <0 and sb >0 (Top fibre in compression and bottom fibre in tension) 
Co (3.123) 
where D is the total depth of the cross-section. 
3.9.2 Time-dependent analysis 
The equations for axial force and bending moment equilibrium are given by: 
Aoso(t) -A1y1(t1)=N(ti)+ANf(ti) 
(3.124) 
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A2tV(t, )=M(t, )+N(t, )e+AMf(t1) 
(3.125) 
where, 
ANf (t, ) and AM f 
(t, ) are the fictitious axial force and moment that result from the 
creep and shrinkage effect at time t, . 
AN f 
(t1) and AM f 
(t1) are given by: 
AN1(ti) = EC 
(Ac(£o (to)O(ti, tO)+£Sh (tº, tO ))-BY (to)) 
OMf (t1) = Ec (-Bc(EQ (to) 0(t1, tO) +Esh (tQ, to))+I f(to)) 
where, 
A, is the area of concrete section which is given by: 
Ac =be 
(3.126) 
(3.127) 
(3.128) 
BB is the first moment of area of concrete section about the reference point which is 
given by: 
forso >0 andsb <0 
BB =bc(D-c/2) (3.129) 
otherwise, 
Bý = bc2 /2 (3.130) 
1 is the second moment of area of concrete section about the reference point which 
is given by: 
for E0 >0 andeb <0 
Iý =bc3/12+bc(D-c/2)2 
otherwise, 
I, = bc3 /3 
(3.131) 
(3.132) 
The equations for the axial force and bending moment equilibrium can be 
generalised as follows at time to 
Aoso(t)-A1tir(t)=N(t)+LNf(tn) (3.133) 
Arco (t)- A2V (tn) = M(t)+N(tl)e+AMf (tn) (3.134) 
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ANj_ (tn) and ALvI . 
(tn ) are given by: 
n-1 n-I 
ANf (tn) = EE A, (1] Aco (tJ)ý(tfl, tJ)+cSh (tnItoý)-BcdV (tj )0 (tn I tj(3.135) j=0 j=0 
n-I n-l 
. 136) i ltn 
Ec 
-Bc(Y 
AEo(tj)0 (tný 
j)+£sh(tn, 
t0))+IcYAq 
(tj )O(tniý*) (3 
j=0 j=0 
where, 
Oeo (tj )is the change in elastic strain at the reference point, which is given by: 
(ti) = (t1)_E0 (t1_1) (3.137) 
0 tV (tj) is the change in curvature, which is given by: 
AiI(ý-)=yr(tj )-yr(tj_, ) (3.138) 
It should be noted that the values of AO , A, and A2 are 
independent of the time step, 
since both the compression zone depth in the fully-cracked section and the modulus 
of elasticity of concrete are assumed constant. 
Although the equations developed for the Rossier et al. tension stiffening model (see 
Section 3.4) can also be applied in a sectional analysis without dividing the cross- 
section into layers, the author has not conducted such an analysis. 
3.10 Development of a computer program for use in sectional 
approach 
A computer program was developed by the author to calculate deflections in 
reinforced concrete one-way slabs subject to bending and axial restraint using the 
equations presented in Section 3.9. The sectional approach is simpler to implement 
than the layered model. Moreover, it reduces computational time and needs less 
memory in comparison with the layered approach. However, due to the development 
of computer speed and memory system, this is considered as an insignificant 
advantage. The features of the computer program are the same as for the one using 
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layered analysis. However, the solutions procedure for calculating curvature and 
strain are different. 
3.10.1 Solution procedure for determining strains & curvatures in uncracked 
sections 
The solution procedure is as follows: 
1. Calculate section properties A0, Al and A2 with c=D 
2. Solve the equations for equilibrium of axial force and bending moment 
(Equations (3.133) and (3.134)) to find the strain at the top fibre so and the 
curvature yi . 
3.10.2 Development of iterative procedure for determining strains & 
curvatures in fully-cracked sections 
An iterative procedure is developed to find the strain at the top fibre Co and the 
curvature yi .A 
full description of the procedure is given in Appendix B2. 
Ghali & Favre (1994) also suggested a method to calculate the compression zone 
depth, and hence strain and curvature, by solving a cubic equation which apply only 
when the stress at top fibre is compressive and when the stress changes sign within 
the section depth. 
3.11 Concluding remarks 
A rigorous numerical method has been developed for calculating deflections in 
axially restrained reinforced concrete one-way slabs subject to gravity loading. The 
method is based on a secant stiffness formulation in which the cross-section is 
divided into layers. The main reason for adopting the layered approach was to cope 
with the change in compression zone depth in the cracked section since it allows 
each layer to have a different stress history. The formulation of the method has been 
described along with the assumptions implicit in the method. The equations for axial 
force and bending moment equilibrium have been derived for the EC2, Rossier et al. 
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and Torres et al. tension stiffening models. The author has used the same method of 
analysis for uncracked sections for both the EC2 and Rossier et al. models. 
The salient features of the numerical model are: 
" The effect of the variation in the modulus of elasticity of concrete with time 
has been taken into account rigorously. 
" The shift in the position of the neutral axis with time, due to the combined 
effects of creep, shrinkage, variation of modulus of elasticity of concrete 
with time, change in bending moment and axial force, has been taken into 
account. 
9 Loss of tension stiffening with time has been introduced gradually from the 
time of application of the load until tension stiffening reaches its long-term 
value. 
" The time-dependent change in strains has been continuously considered at 
each time interval, which eliminates the need to introduce the aging 
coefficient into the creep analysis. 
A C++ computer program has been developed to implement the procedure. The 
salient features of the program are: 
9 An iterative scheme has been developed to fulfil the boundary conditions at 
each time step. 
" An algorithm has been implemented for solution of simultaneous linear 
equations. 
An iterative method has been developed for determining the strains and 
curvatures in cracked sections. 
" An iterative procedure has been developed to take into account geometrical 
nonlinearity due to second order effects at each time step. 
The three tension stiffening models have been implemented into the computer 
program. The performances of tension stiffening models for deflection and axial 
displacement are investigated in the following chapter. 
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Performances of tension stiffening models 
4.1 Introduction 
Chapter 3 presented a generalised numerical model for calculating deflections in 
one-way spanning reinforced concrete slabs subject to bending and axial restraint 
which has been implemented into a computer program. Three tension stiffening 
models have been incorporated into the author's numerical procedure; namely, the 
models of EC2 with the interpolation coefficient proposed by Ghali & Favre (1994), 
Rossier et al. (1998) with some modifications, and Torres et al. (2004). 
In this chapter, moment-curvature and moment-axial strain relationships are 
compared for the three tension stiffening models. Three cases are considered; 
namely, bending, bending with axial compression and bending with axial tension. 
The performances of the three tension stiffening models for deflections and axial 
displacements prediction are investigated. Two reinforced concrete one-way slabs 
are analysed; namely, a simply supported and propped cantilever slabs. Finally, the 
performances of the three tension stiffening models for deflections prediction in 
members subject to axial force are checked against available test data. 
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4.2 Moment-curvature & moment-axial strain relationships 
The author's computer program (described in Section 3.8) was used to predict 
moment-curvature and moment-axial strain relationships for the three tension 
stiffening models (i. e. the EC2 with the interpolation coefficient proposed by Ghali 
& Favre (1994), Rossier et al. (1998) with some modifications, and Torres et al. 
(2004)). The moment-curvature and moment-axial strain relationships for a 180 mm 
deep slab is investigated. Table 4.1 gives the parameters used in the analysis. 
Table 4.1 Parameters used in analysis 
Parameter Value 
Width (mm) 1000 
Thickness (mm) 180 
Effective depth (mm) 150 
Bottom steel (mm) 660 
Top steel (mm) 330 
Steel ratio (%) 0.44 
Bar diameter (mm) 12 
Concrete cover (mm) 25 
Time of application of load (days) 7 
Time of start of shrinkage (days) 7 
Relative humidity (%) 50 
Concrete material properties including elastic modulus, creep coefficient and free 
shrinkage strain were calculated using MC-90 (1993). All the concrete material 
properties are related to the compressive strength of the concrete. The relative 
humidity was taken as 50 percent in the calculation of the creep coefficient and the 
free shrinkage strain. 
The tensile strength of concrete was taken as: 
fCtm = ý0.3 fck 3 (4.1) 
where, 
fck is the characteristic compressive strength of concrete at the time of loading. 
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The expressions for time functions of modulus of elasticity, creep coefficient and 
free shrinkage strain of concrete according to MC-90 (1993) are presented in 
Appendix C. Figures 4.1,4.2 and 4.3 show the variation of the free shrinkage strain, 
creep coefficient and elastic modulus, respectively, with time according to MC-90. 
Table 4.2 gives the material properties used in the analysis. 
Table 4.2 Material properties used in analysis 
Concrete property Time (days) Value 
Compressive cylinder strength (N/mm) 28 30 
Tensile strength (N/mm) 7 2.45 
Modulus of elasticity (IAN/mm) 7 28.30 
Creep coefficient 10000 2.92 
Free shrinkage strain 10000 548x 10 
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The short- and long-term (10000 day) curvatures and axial strains at mid-height 
were calculated. The depth of the tie in the Rossier model given by Equation (2.34) 
is equal to 75mm. However, analysis showed that the value of 75 min is too high for 
a slab with a depth of 180mm. Therefore; the depth of the tie in the Rossier model 
was reduced to 50mm to give similar long-term curvatures to EC2. 
Three cases were investigated. 
9 Bending with no axial force. 
" Bending with axial compression. 
" Bending with axial tension. 
The results are presented below. 
4.2.1 Bending with no axial force 
4.2.1.1 Short-term analysis 
Figures 4.4 and 4.5 show the short- term moment-curvature and moment-axial strain 
at mid-height relationships, respectively, for the three tension stiffening models. It 
can be seen that the Rossier model gives smaller short-term curvatures and axial 
strains at the section mid-height than EC2. One of the reasons for this is that the 
maximum tension stiffening force in the Rossier model is larger than the resultant 
tensile force resisted by the concrete immediately before cracking. The discontinuity 
in the moment-curvature and moment-axial strain relationships is caused by the 
difference between the tension stiffening force assumed in the Rossier model and the 
tensile force resisted by the concrete before cracking. 
The Torres model gives very similar curvatures to EC2, as expected, since the model 
was calibrated with EC2, which provides some evidence that the models were 
correctly implemented. The Torres model gives slightly smaller axial strains than 
EC2 since the values of a, and a2 (Equations (2.47) and (2.48)) used in the Torres 
model were calibrated to fit the moment-curvature response. The values of a, and 
a2 required to calibrate the Torres model to fit EC2 are slightly different for the 
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moment-curvature and moment-axial strain responses as noted by Torres et al. 
(2004). 
4.2.1.2 Long-term analysis 
Figures 4.6 and 4.7 show the long-term (10000 day) moment-curvature and section 
mid- height moment-axial strain relationships for the three tension stiffening models. 
It can be seen that the Rossier model gives significantly greater curvatures just 
above the cracking moment and lower (less compressive) axial strain than EC2. To 
examine this further, the moment-curvature and moment-axial strain relationships 
excluding shrinkage are shown in Figures 4.8 and 4.9 at 10000days. It can be seen 
that both the EC2 and Rossier models give similar curvatures and axial strains just 
above the cracking moment, which suggest that the difference in results between the 
two models is related to shrinkage. 
Figures 4.10 and 4.11 show the relationships between moment and a) the shrinkage 
curvature and b) the shrinkage strain at the mid-height of the section, respectively. It 
can be seen that shrinkage curvature is significantly greater just above the cracking 
moment for the Rossier model than the EC2 model. On the other hand, the Rossier 
model gives significantly lower (less compressive) shrinkage strains just above the 
cracking moment than EC2. The reason for this is that the Rossier model does not 
take into account the reduction in the mean strain in the reinforcement due to 
shrinkage in the calculation of the tie force. Therefore, when the section cracks the 
shrinkage component of curvature in the Rossier model is virtually equal to that in a 
fully-cracked section. EC2, on the other hand, gives a smooth transition between the 
shrinkage curvature in an uncracked and a fully-cracked section since it interpolates 
between the two to find the mean curvature. The curvatures and axial strains 
predicting by both models become more similar as the effect of tension stiffening 
reduces and the section response tends towards that of a fully-cracked section. 
The Torres model gives a lower cracking moment than the EC2 model since the 
tensile stress in the concrete is increased by shrinkage prior to first cracking. 
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4.2.2 Bending with axial compression 
4.2.2.1 Short-term analysis 
Figures 4.12 and 4.13 show the short-term relationships, for each of the three tension 
stiffening models, between moment and a) curvature and b) axial strain at the section 
mid-height, respectively for the slab described in Table 4.1 with an axial 
compressive force of 100 KN at the mid-height. The depth of the tie in the Rossier 
model was assumed to be 50mm as for the case of bending with no axial force 
described in Section 4.2.1. It can be seen that the Rossier model gives lower 
curvatures and axial strains than the EC2 model. This arises since the maximum 
tension stiffening force in the Rossier model is significantly greater than the tensile 
force resisted by concrete just before cracking which is reduced by the presence of 
axial compression. The consequence of this is that the Rossier model overestimates 
the stiffness relative to EC2. 
The Torres model also underestimates the curvature and axial strain at the section 
mid-height relative to the EC2 model. 
4.2.2.2 Long-term analysis 
Figures 4.14 and 4.15 show the long-term (10000 day) relationships between 
moment and a) curvature and b) the axial strain at the section mid-height 
respectively for each of the three tension stiffening models. It can be seen that the 
Rossier model gives similar curvatures and axial strains to EC2. The Torres model 
underestimates the curvature and axial strain relative to EC2. 
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4.2.3 Bending with axial tension 
4.2.3.1 Short-term analysis 
Figures 4.16 and 4.17 show the short-term relationships between moment and a) 
curvature and b) the axial strain at the mid-height of the section for the three tension 
stiffening models for the case of bending and an axial tensile force of 100 KN 
applied at mid-height. The depth of the tie in the Rossier model is assumed to be 50 
mm as for the case of bending with no axial force. It can be seen that the Rossier 
model gives similar short-term curvatures and axial strains to EC2 since the 
maximum tension stiffening force in the Rossier model is approximately equal to the 
tension force resisted by the concrete at first cracking. 
It should be noted that the interpolation coefficient used in the current analysis with 
EC2 (Equation (2.22)) is based on the suggestion of Ghali & Favre (1994) which 
was developed for the case of bending with axial compression. The author assumes 
in the current work that the same equation is applicable to combined tension and 
bending but experimental research is required to confirm this. 
4.2.3.2 Long-term analysis 
Figures 4.18 and 4.19 show the long-term (10000 day) moment-curvature and 
moment-axial strain at mid-height relationships for the three tension stiffening 
models. It can be seen that the Rossier model gives significantly higher curvatures 
and axial strains at mid height just above the cracking moment than the EC2 model. 
The long-term (10000 day) moment-curvature and moment-axial strain relationships 
excluding shrinkage were plotted in Figures 4.20 and 4.21 to investigate the 
difference in results between the two models. It can be seen that both the EC2 and 
Rossier models give similar curvatures and axial strains just above the cracking 
moment, which suggest that the difference in results between the two models is 
related to shrinkage. 
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Figures 4.22 and 4.23 show the moment - shrinkage curvature and moment- 
shrinkage strain relationships. It can be seen that shrinkage curvature is significantly 
higher just above the cracking moment for the Rossier model than the EC2 model. 
On the other hand, the Rossier model gives significantly lower (less compressive) 
shrinkage strains just above the cracking moment than EC2. The reason for this is 
that the Rossier model does not take into account the reduction in the mean strain in 
the reinforcement due to shrinkage in the calculation of the tie force. Therefore, 
when the section cracks the shrinkage component of curvature in the Rossier model 
is virtually equal to that in a fully-cracked section. EC2, on the other hand, gives a 
smooth transition between the shrinkage curvature in an uncracked and a fully 
cracked section since it interpolates between the two to find the mean curvature. The 
curvatures and axial strains predicted by both models become more similar as the 
effect of tension stiffening reduces and the section response tends towards that of a 
fully-cracked section. 
The Torres model gives a lower cracking moment than the EC2 model since it 
includes the tensile stress induced in the section by shrinkage before first cracking. 
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4.3 Details of slabs used in analysis 
The performance of the three tension stiffening models was compared by calculating 
deflections and axial displacements in two concrete one-way spanning slabs with 
different boundary conditions. One slab was simply supported and the other was a 
propped cantilever as described below. 
4.3.1 Simply supported one-way slab (Sl) 
A 5.0 m span one-way simply supported slab tested by Gilbert (1999) is used in the 
analysis. The slab thickness is 180 mm with an effective depth of 150 mm to the 
centroid of the tensile reinforcement. The concrete cover was 25mm and the bar 
size was 12mm. Yield strength of steel is assumed to be 500 MPa. The modulus of 
elasticity of the steel is assumed to be 200 KN/mrn 2. The slab carries an imposed 
load of 2.0 KN/rn 2 in addition to its own- weight. The gravity and the axial loads 
are applied at 7 days and sustained for 10000 days. Shrinkage is assumed to start 
from 7 days. The concrete compressive cylinder strength is taken as 30 MPa at 28 
days and the relative humidity is taken as 50 percent. 
4.3.2 Propped cantilever one-way slab (S2) 
A 7.5 m span one-way propped cantilever slab previously analysed by Vollum 
(2003) is used in the analysis. The slab thickness is 250mm with an effective depth 
of 220 mm. The concrete cover was 25 mm and the bar size was 16mm. The yield 
strength of steel is assumed to be 500 MPa. The modulus of elasticity of the steel is 
assumed to be 200 KN/mm 2. The slab carries an imposed load of 5.0 KN/m 2 and a 
superimposed dead load of 1.5 KN/m 2 in addition to its self-weight. The gravity and 
the axial loads are applied at 7days and sustained for 10000 days. Shrinkage is 
assumed to start from 7 days. The concrete compressive cylinder strength is taken 
as 30 MPa at 28 days and the relative humidity is taken as 50 percent. 
Details of slabs SI and S2 are given in Table 4.3 and Figures 4.24 and 4.25. 
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Figure 4.24 Simply supported one-way slab (S 1) 
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Figure 4.25 Propped cantilever one-way slab (S2) 
Table 4.3 Details of slabs used in analysis 
S1 S2 
Type Simply supported Propped cantilever 
Span (m) 5.0 7.5 
Thickness (mm) 180 250 
Effective depth (mm) 150 220 
Top steel span (MM2) 330 400 
Top steel support (mm 2 330 1560 
Bottom steel span (mm 2 660 825 
Bottom steel support (MM2) 660 825 
Steel ratio (%) 0.44 0.46 
Bar diameter (mm) 12 16 
Concrete cover (mm) 25 25 
Time of application of load (days) 7 7 
Time of start of shrinkage (days) 7 7 
Relative humidity (%) 50 50 
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4.4 Analysis of unrestrained slabs 
The author's computer program (described in Section 3.8) was used to predict 
deflections and axial displacements in slabs Sl and S2, described in Section 4.3, 
with the three tension stiffening relationships described previously. The 
development with time of deflection and the axial displacement at the mid-height 
were calculated for slabs SI and S2 under the sustained loads of 6.4 KN/m 2 and 
9. OKN/m 2 respectively. The sustained load of 9.0 KN/m 2 for S2 corresponds to 0.3 
times the imposed load being permanent (see Section 2.8). The depth of the tie in the 
Rossier model given by Equation (2.34) for slabs SI and S2 is equal to 75mm. 
However, the depth of the tie in the Rossier model was taken as 50 mm and 70 mm 
for SI and S2 respectively for reasons described in Section 4.2. The variation in time 
of the concrete material properties was calculated in accordance with MC-90 (1993). 
Three cases were investigated. 
" Bending with no axial force. 
" Bending with constant axial compression. 
" Bending with constant axial tension. 
The results are presented below. 
4.4.1 Bending with no axial force 
4.4.1.1 Variation in deflection with time 
Figures 4.26 and 4.27 show the variation in maximum deflection with time for slabs 
SI and S2 respectively. Tables 4.4 and 4.5 give the short- and long-term (10000 day) 
deflections for slabs SI and S2. 
It can be seen that the Rossier model gives smaller short-term (instantaneous) 
deflection than EC2 which is consistent with the difference in curvatures noted in 
Section 4.2.1.1. The Rossier model gives slightly greater deflection than EC2 at 
10000 days since it predicts a greater increase in curvature with time than EC2 as 
shown in Section 4.2.1.2. 
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The Torres model gives very similar short-term deflections to EC2 for slab S 1, as 
expected, due to the similarity in curvatures shown in Section 4.2.1.1. However, the 
Torres model gives slightly greater short-term deflections than EC2 for slab S2. At 
early ages, the Torres model gives lower deflections than EC2 since it relates the 
loss of tension stiffening with time to creep unlike the EC2 model where tension 
stiffening is assumed to reduce to its long-term value within few weeks after first 
loading. The Torres model gives similar deflections to the EC2 model at 10000 days 
for slab S1, as expected, since the long-term curvatures are similar as shown in 
Section 4.2.1.2. However, the Torres model gives slightly higher deflections than 
EC2 at 10000 days for slab S2. 
Table 4.4 Effect of tension stiffening model on maximum short-term deflection, 
N=O 
Slab Model Short-term 
deflection 
(mm) 
Relative deflection 
(%) 
EC2 11.12 100.0 
S1 Rossier 7.02 63.1 
Torres 11.06 99.4 
EC2 9.30 100.0 
S2 Rossier 5.77 62.0 
Torres 10.02 107.7 
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Table 4.5 Effect of tension stiffening model on maximum long-term deflection, 
N=O 
Slab Model Time- 
dependent 
deflection 
(mm) 
Long-tenn 
deflection 
(mm) 
Relative 
deflection 
(%) 
EC2 20.70 31.82 100.0 
SI Rossier 27.98 35.00 110.0 
Torres 21.48 32.54 102.3 
EC2 17.06 26.36 100.0 
S2 Rossier 22.03 27.80 105.4 
Torres 19.20 29.22 110.8 
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4.4.1.2 Variation in axial displacement with time 
Figures 4.28 and 4.29 show the variation with time in the axial displacements at the 
mid-height of slabs SI and S2, respectively. Tables 4.6 and 4.7 give the short- and 
long-term (10000 day) axial displacements at the mid-height for slabs SI and S2. 
With all three tension stiffening models, the axial displacement at the mid-height is 
initially, positive (elongation) due to the elongation resulting from gravity loading. 
Subsequently, the axial displacement becomes negative (shortening) when the 
shortening due to shrinkage exceeds the elongation from gravity loading. Similar 
trends are observed for both the simply supported and propped cantilever slabs. 
The Rossier model gives smaller short-term axial displacements at the mid-height 
than the EC2 model, as expected, since the axial strains are less as shown in Section 
4.2.1.1. With the EC2 and Rossier models, the axial displacement increases with 
time in the first few weeks after loading due to additional cracking and the 
associated rapid loss of tension stiffening. The Rossier model predicts less 
shortening than the EC2 model at the mid-height as anticipated, since the reduction 
in axial strain due to shrinkage is less as shown in Section 4.2.1.2. Similar trends are 
observed for both the simply supported and propped cantilever slabs. 
The Torres model predicts slightly lower short-term axial displacement than EC2 
model since the axial strain is less as shown in Section 4.2.1.1. The Torres model 
predicts slightly more long-term shortening than EC2 model since the axial strain is 
less as shown in Section 4.2.1.2. 
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Table 4.6 Effect of tension stiffening model on short-term axial displacement at 
mid-height, N=O 
Slab Model Short-term axial 
displacement 
(mm-) 
EC2 0.51 
S1 Rossier 0.19 
Torres 0.41 
EC2 0.48 
S2 Rossier 0.10 
Torres 0.38 
Table 4.7 Effect of tension stiffening model on long-tenn axial displacement at 
mid- height, N=O 
Slab Model Time-dependent 
axial displacement 
(mm. ) 
Long-term axial 
displacement 
(mm) 
EC2 -1.62 -1.11 
S1 Rossier -1.07 -0.88 
Torres -1.63 -1.22 
EC2 -2.69 -2.21 
S2 Rossier -2.33 -2.23 
Torres -2.89 -2.51 
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Figure 4.29 Axial displacement at mid-height with time for S2, N=O 
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4.4.2 Bending with constant axial compressive force 
4.4.2.1 Variation in deflection with time 
Figures 4.30 and 4.31 show the variation in maximum deflection with time for slabs 
SI and S2 for the case of bending and an axial compressive force of 100 KN applied 
at the mid-height. Tables 4.8 and 4.9 give the short- and long-term (10000 day) 
deflections for slabs SI and S2. 
It can be seen that the Rossier model gives significantly smaller short-term 
deflections than the EC2 model since it underestimates the short-term curvatures for 
reasons discussed in Section 4.2.2.1. The Rossier model gives slightly smaller long- 
term deflections than the EC2 model since it gives slightly smaller long-terrn 
curvatures (see Section 4.2.2.2). Similar trends are observed for both the simply 
supported and propped cantilever slabs. 
The Torres model gives smaller short- and long-term deflections than the EC2 
model, as expected, since it predicts smaller curvatures as discussed in Sections 
4.2.2.1 and 4.2.2.2. Similar trends are observed for both the simply supported and 
propped cantilever slabs. 
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Table 4.8 Effect of tension stiffening model on maximum short-ten-n deflection, 
N= -100 KN (compression) 
Slab Model Short-term 
deflection 
(mm) 
Relative deflection 
(%) 
EC2 6.81 100.0 
Sl Rossier 3.21 47.1 
Torres 4.94 72.5 
EC2 6.81 100.0 
S2 Rossier 3.64 53.5 
Torres 5.82 85.5 
Table 4.9 Effect of tension stiffening model on maximum long-term deflection, 
N= -100 KN (compression) 
Slab Model Time- 
dependent 
deflection 
(mm) 
Long-term 
deflection 
(mm) 
Relative 
deflection 
(%) 
EC2 23.60 30.41 100.0 
SI Rossier 23.97 27.18 89.4 
Torres 17.57 22.51 74.0 
EC2 16.86 23.67 100.0 
S2 Rossier 17.70 21.34 90.2 
Torres 15.32 21.14 89.3 
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Figure 4.30 Maximum deflection with time for S 1, N= A 00 KN (compression) 
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Figure 4.31 Maximum deflection with time for S2, N= -100 KN (compression) 
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4.4.2.2 Variation in axial displacement with time 
Figures 4.32 and 4.33 show the variation in axial displacement with time at the mid- 
height for slabs SI and S2 for the case of bending and axial compressive force of 
100 KN applied at the mid-height. Tables 4.10 and 4.11 give the short- and long- 
tenn (10000 day) axial displacements at the mid-height for slabs SI and S2. 
It can be seen that the Rossier model gives smaller short-term axial displacements at 
the mid-height than the EC2 model as expected, since the axial strain is less as 
shown in Section 4.2.2.1. For the EC2 and Rossier models, the axial displacement 
increases with time in the first few weeks after loading due to additional cracking 
and associated rapid loss of tension stiffening. The Rossier model predicts slightly 
more shortening compared to the EC2 model. 
The Torres model predicts smaller axial displacement than the EC2 model, as 
expected, since it gives smaller axial strains as discussed in Sections 4.2.2.1 and 
4.2.2.2. 
The EC2 model predicts that the slabs initially extend at the mid-height since the 
extension due to flexural cracking is greater than the shortening induced by the axial 
compressive force. This is not the case for the tension stiffening models of Rossier 
and Torres which predicts that the slabs shorten at the mid-height. Subsequently, the 
axial displacements become negative (shortening) in all cases since the shortening 
due to shrinkage and axial compressive force exceeds the elongation from gravity 
loading. 
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Table 4.10 Effect of tension stiffening model on short-term axial displacement at 
mid-height, N= -I OOKN (compression) 
Slab Model Short-term axial 
displacement 
(mm) 
EC2 0.08 
Sl Rossier -0.13 
Torres -0.05 
EC2 0.11 
S2 Rossier -0.14 
Torres -0.03 
Table 4.11 Effect of tension stiffening model on long-term axial displacement at 
mid-height, N= A OOKN (compression) 
Slab Model Time-dependent 
axial displacement 
(mm) 
Long-term axial 
displacement 
(mm) 
EC2 -1.85 -1.77 
S1 Rossier -1.91 -2.04 
Torres -2.31 -2.36 
EC2 -3.13 -3.02 
S2 Rossier -3.25 -3.39 
Torres -3.59 -3.2 
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4.4.3 Bending with constant axial tensile force 
4.4.3.1 Variation in deflection with time 
Figures 4.34 and 4.35 show the variation in maximum deflection with time for slabs 
Sl and S2 for the case of bending with an axial tensile force of 100 KN applied at 
the mid-height. Tables 4.12 and 4.13 give the short- and long-term (10000 day) 
deflections for slabs SI and S2. 
It can be seen that the Rossier models gives similar short-term deflections in slab SI 
to the EC2 model, as anticipated, since the short-tem curvatures are similar (see 
Section 4.2.3.1). However; the Rossier model gives slightly lower short-term 
deflections than EC2 in slab S2. The Rossier model gives greater deflections at 
10000 days than EC2 since it predicts a greater increase in curvature due to 
shrinkage as discussed in Section 4.2.3.2. 
The Torres models gives significantly higher short- and long-term deflections than 
EC2 since the curvatures are greater for reasons discussed in Sections 4.2.3.1 and 
4.2.3.2. 
Table 4.12 Effect of tension stiffening model on maximum short-term deflection, 
N= 100 KN (tension) 
Slab Model Short-term 
deflection 
(mm) 
Relative deflection 
(%) 
EC2 15.37 100.0 
Sl Rossier 15.75 102.5 
Torres 21.31 138.6 
EC2 12.10 100.0 
S2 Rossier 10.77 89.0 
Torres 17.56 145.1 
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Table 4.13 Effect of tension stiffening model on maximum long-term deflection, 
N= 100 KN (tension) 
Slab Model Time- 
dependent 
deflection 
(mm) 
Long-term 
deflection 
(mm) 
Relative 
deflection 
(%) 
EC2 17.76 33.13 100.0 
S1 Rossier 22.48 38.23 115.4 
Torres 18.24 39.55 119.4 
EC2 16.51 28.61 100.0 
S2 Rossier 22.50 33.27 116.3 
Torres 20.40 37.96 132.7 
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4.4.3.2 Variation in axial displacement with time 
Figures 4.36 and 4.37 show the variation in axial displacement with time at the mid- 
height for slabs SI and S2 for the case bending with an axial tensile force of 100 KN 
at the mid-height. Tables 4.14 and 4.15 give the short-and long-term (10000 day) 
axial displacements at the mid-height for slabs SI and S2. 
In all cases, the initial axial displacement at mid-height is positive (elongation). 
Subsequently, the member shortens with the axial displacement becoming negative 
(shortening) when the shortening due to shrinkage exceeds the elongation from 
gravity loading and axial tensile force. However, this is not the case for S1 with the 
Rossier and Torres models since the shortening due to shrinkage does not 
compensate the elongation from gravity loading and axial tensile force. The Rossier 
model gives similar short-term axial displacement compared to the EC2 model for 
SI but underestimates it for S2 (see Section 4.2.3.1). With both the EC2 and Rossier 
models, the axial displacement increases with time in the first few weeks due to 
additional cracking and associated rapid loss of tension stiffening. The Rossier 
model gives less shortening at 10000 days than the EC2 model (see Section 4.2.3.2). 
The Torres model gives greater short-term axial displacement than the EC2 model 
since it predicts greater axial strains as noted in Section 4.2.3.1. On the other hand, 
the Torres model gives smaller long-term axial displacement (less shortening) than 
the EC2 model since it predicts lower axial strains as noted in Section 4.2.3.2. 
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Table 4.14 Effect of tension stiffening model on short-term axial displacement at 
mid-height, N= 1 OOKN (tension) 
Slab Model Short-term axial 
displacement 
(mm) 
EC2 1.03 
Sl Rossier 1.03 
Torres 1.46 
EC2 0.94 
S2 Rossier 0.68 
Torres 1.26 
Table 4.15 Effect of tension stiffening model on long-ten-n axial displacement at 
mid-height, N= I OOKN (tension) 
Slab Model Time-dependent 
axial displacement 
(mm) 
Long-term axial 
displacement 
(mm) 
EC2 -1.29 -0.26 
Sl Rossier -0.65 0.38 
Torres -1.02 0.44 
EC2 -2.27 -1.33 
S2 Rossier -1.35 -0.67 
Torres -1.99 -0.73 
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4.5 Comparison with Bradford (2005) experimental results 
Vollum et al. (2002) found that the EC2 and MC-90 moment-curvature methods 
give good estimates of deflections in reinforced concrete slabs under constant 
gravity loading. An investigation was made to establish which of the three tension 
stiffening models considered in this thesis gives the most realistic results for 
deflections in members subject to axial compression. Unfortunately, the author is 
unaware of any similar data for members in combined bending and tension. 
However, the tension stiffening model that predicts realistically deflections in 
members subject to axial compression is expected to give realistic results in the case 
of axial tension. 
Bradford (2005) performed a series of tests on five simply supported reinforced 
concrete columns with eccentric axial force. The five specimens were all of length 
5.0m. The test specimens were loaded 12 days after casting. The mean elastic 
modulus at 12 days was 22.1 KN/MM2 . The mean cylinder strength at 12 
days was 
29.3 N/mrný. The tensile strength of concrete was not reported but it was estimated 
with EC2 (2004). Bradford (2005) carried out creep and shrinkage tests on control 
specimens. Deflections were measured over a period of about 270 days. Table 4.16 
gives the column properties CI which was considered in the current analysis. 
Table 4.16 Column properties used in Bradford (2005) tests 
Parameter Value 
Length (m) 5.0 
Width (mm) 150 
Depth (mm) 150 
Bottom steel (MM2) 226 
Top steel (MM2) 226 
Steel ratio (%) 0.44 
Bar diameter (mm) 12 
Concrete cover (mm) 15 
Axial force (KN) -70 
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Eccentricity measured from top fibre (mm) 25 
Time of application of load (days) 12 
Time of start of shrinkage (days) 12 
Figure 4.38 shows the variation in central deflection with time for the three tension 
stiffening models along with the experimental results. Tables 4.17 and 4.18 give the 
short- and long-term (262 day) deflections for the three tension stiffening models 
along with the experimental results. The depth of the tie in the Rossier model given 
by Equation (2.34) is equal to 50mm. However, the depth of the tie in the Rossier 
model was reduced to 20 mm since it is approximately equal to half the depth of 
concrete in tension. Deflections were calculated using the MC-90 creep coefficients 
which are similar to those obtained experimentally. The MC-90 free shrinkage 
strains were adjusted to give the measured values. 
It can be seen that EC2 gives similar short- and long-term deflections to the 
experimental result. The Rossier model, which depends on the effective tie in 
tension, significantly underestimates the short- and long-term deflections. A similar 
conclusion was drawn for slabs SI and S2 in Section 4.4.2.1. The Torres model 
slightly underestimates the short- and long-term deflections compared to the 
experimental results. 
Therefore, it is concluded that the EC2 model with the interpolation coefficient 
proposed by Ghali & Favre (1994) gives the best estimate of deflections in members 
subject to axial force. However, the author believes that the same conclusion is valid 
for members subject to axial tension. 
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Table 4.17 Comparison for Bradford column for central short-term deflection 
Model Deflectl*on (mm) Relative deflection 
Experiment 13.00 100.0 
EC2 12.81 98.5 
Rossier 4.65 35.8 
Torres 10.93 84.1 
Table 4.18 Comparison for Bradford column for central long-term deflection 
Model Deflection (mm) Relative deflection (%) 
Experiment 46.00 100.0 
EC2 45.41 98.7 
Rossier 27.88 60.6 
Torres 34.42 74.8 
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Figure 4.38 Variation in deflection with time, Bradford (2005) column 
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4.6 Conclusions 
The performances of the three tension stiffening models (i. e. the EC2 with the 
interpolation coefficient proposed by Ghali & Favre (1994), Rossier et al. (1998) 
and Torres et al. (2004)) have been investigated in this chapter. The moment- 
curvature and moment-axial strain relationships have been investigated. The 
deflections and axial displacements predicted by each model have been compared 
and it has been shown that displacements are sensitive to the tension stiffening 
model adopted. Two reinforced concrete one-way slabs have been analysed; namely, 
a simply supported and a propped cantilever, one-way slabs. Three cases have been 
investigated; namely, bending without axial force, bending with constant axial 
compression and bending with constant axial tension. 
The results for the Rossier model depend on the depth chosen for the concrete tie. 
The Rossier model gives larger estimates of the shrinkage curvatures just above the 
cracking moment than the EC2 model but it is difficult to assess which model is 
most realistic since there is lack of test data on influence of shrinkage on curvature. 
In many cases, similar trends have been observed with both the simply supported 
and propped cantilever slabs which suggest the generality of the results. 
The three tension stiffening models have been used to predict deflections measured 
in a column loaded with an eccentric axial force. It has been found that the EC2 with 
the interpolation coefficient proposed by Ghali & Favre (1994) gives the best 
estimate of deflections in members subject to axial force. Unfortunately, the author 
is unaware of any experimental data for deflections in slabs subject to axial tension. 
There is clearly some uncertainty in the influence of axial force on deflection which 
can only be eliminated by carrying out carefully designed experiments. The aim of 
this research is to model time-dependent behaviour of axially restrained slabs using 
existing tension stiffening models. Significant modification of tension stiffening 
models is beyond the scope of this research. The author's computer program is used 
to analyse axially restrained reinforced concrete one-way slabs in the following 
chapter. 
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Analysis of axially restrained slabs 
5.1 Introduction 
In chapter 4 the author's computer program was used to analyse reinforced concrete 
one-way spanning slabs subject to bending with and without constant axial force. 
Slabs are typically axially restrained by shear walls and stiff columns. In axially 
restrained slabs a time-dependent axial force is induced by restrained shrinkage. 
In this chapter, the author's computer program with the EC2 and Rossier et al. 
(1998) tension stiffening models is used to analyse axially restrained reinforced 
concrete one-way slabs. Analyses are carried out on axially restrained simply 
supported and propped cantilever one-way slabs to determine the axial restraint 
force induced by restrained shrinkage and the influence of restraint on deflection and 
the tensile stress in reinforcement. The author's model is compared with the Gilbert 
(1992) model for axially restrained slabs with zero gravity loading. The effect of 
geometrical nonlinearity due to second order effects is quantified. The effect of 
aging due to the variation of modulus of elasticity of concrete with time is also 
quantified. The analysis is also carried out using the sectional approach and the 
results are compared with the more rigorous layered approach. 
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5.2 Time-dependent behaviour of axially restrained slabs 
The author's computer program (see Section 3.8) with the EC2 and Rossier et al. 
tension stiffening models was used to analyse the reinforced concrete one-way slabs 
described in Section 4.3 (SI and S2) but the slabs were assumed to be axially 
restrained at mid height. The author has encountered convergence problems with the 
Torres et al. tension stiffening model for the analysis of axially restrained slabs. In 
axially restrained slabs a time-dependent axial force is induced by restrained 
shrinkage. The axial force is required to eliminate the change in length due to 
gravity loading and shrinkage. The material properties used in the analysis are the 
same as given in Table 4.2. The analysis was carried out under sustained loads of 6.4 
KN/m 2 and 9. OKN/m 2 for slabs S1 and S2 respectively. The time-dependent 
developments of axial restraint force, deflection and tensile steel stress were 
identified. 
5.2.1 Variation in axial restraint force with time 
Figures 5.1 and 5.2 show the development of the axial restraint force with time for 
slabs S1 and S2. It can be seen that the axial restraint force is initially compressive 
to prevent the extension of the slab at mid height due to cracking under gravity load. 
The axial restraint force remains compressive until the shortening due to shrinkage 
compensates for the elongation due to cracking under gravity load. Subsequently, 
the axial restraint force becomes tensile when shortening due to shrinkage exceeds 
the elongation due to cracking under gravity load. The initial increase in axial 
compressive restraint force is caused by the increase in axial displacement due to 
increased cracking caused by the rapid loss of tension stiffening with time. 
Table 5.1 gives the long-term (10000 day) axial restraint force for slabs S1 and S2 
using the EC2 and Rossier models. It can be seen that the long-term axial restraint 
force predicted by the Rossier model is significantly less than the one predicted by 
the EC2. The reason for this is that Rossier model predicts a smaller shortening in 
slabs subject to bending and axial tension compared to the EC2 model (see Section 
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4.4.3.2). Similar trends are observed with both the simply supported and propped 
cantilever slabs. 
Table 5.1 Effect of tension stiffening model on long-term axial restraint force 
Slab Model Axial restraint 
force (KN) 
Relative axial 
restraint force (%) 
EC2 150 100.0 
Sl Rossier 82 54.7 
EC2 208 100.0 
S2 Rossier 140 67.3 
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5.2.2 Variation in deflection with time 
Figures 5.3 to 5.6 show the variation with time in the maximum deflection in slabs 
SI and S2 given by the EC2 and Rossier models. In order to quantify the effect of 
restraint on deflection the results for unrestrained slabs are presented as well. It can 
be seen that at early ages, the maximum deflection in the restrained slab is less than 
in the unrestrained one. This is due to the fact that the axial compressive force which 
initially develops in the restrained slabs (see Figures 5.1 and 5.2), reduces cracking. 
Subsequently, the maximum deflection in the restrained slab becomes greater than in 
the unrestrained one due to the development of an axial tensile force in the restrained 
slab (see Figures 5.1 and 5.2) which increases cracking. The time when the 
deflection in the restrained slab exceeds the deflection in the unrestrained one is 
approximately consistent with the time when the axial force changes from 
compression to tension. 
Table 5.2 gives the increase in long-term (10000 day) deflections due to restraint for 
slabs SI and S2. It can be seen that the increase in long-term deflection due to 
restraint is greater for the Rossier model than for the EC2 model. Table 5.3 
compares the long-term (10000 day) deflections for slabs SI and S2. The Rossier 
model gives long-term deflections which are higher than the EC2 model. The same 
conclusion was drawn for unrestrained slabs with zero or axial tensile force (see 
Sections 4.4.1.1 and 4.4.3.1). Similar trends are observed with both the simply 
supported and propped cantilever slabs. 
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Table 5.2 Effect of restraint on maximum long-term deflection 
Slab Model Deflection (mm) Increase in 
deflection due 
Restrained 
slab 
Unrestrained 
slab 
to restraint 
EC2 33.99 31.82 6.8 
S1 Rossier 39.24 35.00 12.1 
EC2 31.98 26.36 21.3 
S2 Rossier 35.34 27.80 27.1 
Table 5.3 Effect of tension stiffening model on maximum long-tenn deflection for 
restrained slabs 
Slab Model Deflection 
(mm) 
Relative 
deflection 
EC2 33.99 100.0 
SI Rossier 39.24 115.4 
EC2 31.98 100.0 
S2 Rossier 35.34 110.5 
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5.2.3 Variation in tensile steel stress with time 
The tensile stresses in the reinforcement at cracks should be limited as described in 
EC2 (2004) to control crack widths at the serviceability limit state. Using the EC2 
tension stiffening model has the added benefit that the tensile steel stress at the crack 
can be calculated directly from the model as it equals the tensile steel stress in the 
fully-cracked section. 
Figures 5.7 and 5.8 show the development of maximum tensile steel stress with time 
for slabs SI and S2 using the EC2 model. In order to quantify the effect of restraint 
on tensile steel stress the results for the unrestrained slabs are presented as well. It 
can be seen that the tensile steel stress for the unrestrained slabs is fairly constant 
with time. At early ages, the maximum tensile steel stress in the restrained stab is 
less than that in the unrestrained one. This is due to the fact that the axial 
compressive force which develops in the restrained slabs in the early days (see 
Figures 5.1 and 5.2) reduces tensile steel stress compared to the unrestrained slab. 
Subsequently, the maximum tensile steel stress in the restrained slab becomes 
greater than that in the unrestrained one. This is attributed to the fact that the axial 
tensile force which develops in the restrained slab (see Figures 5.1 and 5.2) increases 
tensile steel stress compared to the unrestrained slab. The tensile steel stress in the 
restrained slab first exceeds the stress in the unrestrained slab around the time the 
axial force changes from compression to tension. Similar trends are observed with 
both the simply supported and propped cantilever slabs. 
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5.3 Review of Gilbert & Guo (2005) experimental results 
The only data known to the author on the effect of restraint on deflection are from 
large scale flat slabs. Gilbert & Guo (2005) carried out an experimental program of 
long-term testing of large- scale reinforced concrete flat slabs. Each specimen was 
subjected to sustained service loads for periods up to 750 days and the deflection, 
strains and extent of cracking were monitored throughout. The main findings were 
as follows: 
* The measured long-term deflections were many times the initial short-term 
deflection due primarily to the loss of stiffness associated with time- 
dependent cracking under the combined influence of gravity loading and 
drying shrinkage. 
0 At early ages, mid panel deflections in the restrained slab (S7) were less than 
in the unrestrained one (S6). The deflection of the restrained slab, however, 
became greater than that of the unrestrained one after shrinkage develops 
with time (see Figure 5.9), as predicted for the author's analyses of one-way 
spanning slabs. 
Predictions of deflections in two-way spanning slabs are best made with finite 
element programs capable of cracked section analyses (Vollurn (2003)). The 
analysis of two-way slabs is beyond the scope of this research. 
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5.4 Analysis of slabs using Gilbert (1992) model 
Gilbert (1992) developed a model to calculate the final axial restraint force in slabs 
not subject to gravity loading which are rarely encountered in practice. A 
spreadsheet program was developed to incorporate Gilbert's equations for the 
calculation of axial restraint force in a member not subjected to gravity loading (see 
Section 2.11 for the notation used in Gilbert's model below). Slabs SI and S2 were 
analysed under zero gravity loading using the Gilbert model (see Tables 4.3 for 
details of the slabs). 
5.4.1 Simply supported one-way slab (Sl) 
The total area of steel within the cross-section 
A, = 660 + 330 = 990 mrný 
Gilbert (1992) considered symmetrically reinforced sections. In this work the total 
area of reinforcement is used in the analysis of asymmetrical reinforced member. 
The reinforcement ratio 
p=A, __ 
990 
=5.5 x 10-3 A, 180000 
The transition length 
so _ 
db 
_ 
12 
_= 218.2 mra IOP lOx5.5xlO-' 
2s 2x 218.2 
cl = ýýO - --- =0.03 3L - 2s 3x 5000 -2x 218.2 0 
The modular ratio 
E, 200 
a= =7.07 E, 28.3 
The restraining force immediately after first cracking 
ap f, A, 7.07 x 5.5 x 10-' x 2.45 x 180000 =2.45 x 105 N Nýr = C, +ap(I+C, ) 0.03+7.07x5.5x 
10-3(1+ 0.03) 
The concrete stress 
N, (I + C, ) 2.45 x 105 (1+ 0.03) 
ý2 acl -A 180000 
1.4 N/mm 
c 
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The average concrete stress 
1.4+2.45 
Cav = 
(o7,1 
+f,, )/2= 
2=1.93 
N/mm2 
The final creep coefficient 0*=2.92 
The final free shrinkage strainEsh*= 548x 10-' 
The final effective modulus 
E, 
E, 
= 
28300 
=7219 N/mm 1+ 0* 1+ 2.92 
and the corresponding effective modular ratio 
a*=E, = 
200000 
=27.7 Eý* 7219 
a*P 
(aa, + CA -27.7x5.5xlO-'(1.93-548xlO-'x7219) 
ap 
(Cav 
+ esh*Ee*) + fa 27.7 x 5.5 x 10-3 (1.93 - 548 x 10' x 7219) + 2.45 
0.14 mm 
The crack spacing 
2sjl+ý) 2x218.2(1+0.14) S= --= 1152 mm 3ý 3x0.14 
2s, 2x 218.2 C2 
= =0.145mm 3S-2so 3x 1152 -2x 218.2 
The final restraining force 
N(co) =- C2 
( 
07ar +C* 
sA*) 
N (oo) = 
-27.7 x 990 
(1.93 
- 548 x 10-' x 7219) 
=385KN 0.145 
5.4.2 Propped cantilever one-way slab (S2) 
To take account of the variation in the distribution of reinforcement along the length 
of the member the average steel area is calculated as follows: 
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2= (1560+825)x2.5/7.5+(825+400)x5.0/7.5 =1613mm 
2 
A, = A, I 
Ll 
+ As2 
L 
11 
The reinforcement ratio: 
,p=A, _ 
1613 
=6.45 x 10-3 A, 250000 
The transition length 
so _ 
db 
- 
16 
10-3 =247.9mm lop lOx6.45x 
cl - 
2so 2x 247.9 
=0.023 
3L - 2so 3x 7500 -2x 247.9 
The modular ratio 
a=E, _ 
200 
=7.07 E, 2 8.3 
The restraining force immediately after first cracking: 
N= ap 
f, A, 7.07 x 6.45 x 10-3 x 2.45 x 250000 
=4.04 x 10 
5N 
Cr Cj + ap (I+ C) 0.023 + 7.07 x 6.45 x 10-3 (1+0.023) 
The concrete stress: 
Ný, (I + Cl) 4.04 x 105 (1+ 0.023) 
= 1.65N/MM2 
A, 250000 
The average concrete stress 
cav + f,, ) /2=1.65+2.45 =2.05 N/nim2 2 
The final creep coefficient 0* =2.79 
The final free shrinkage strain '6sh *=533 x 10-6 
The final effective modulus: 
Le E, 28300 =7753N/mm 1+ 0* 1+ 2.79 
and the corresponding effective modular ratio is 
a*=E, = 
200000 
=: 25.8 
E, * 7753 
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ap 
(O'av 
+'ýsh*Ee* 
ap 
(0-av 
+ Esh*Ee*) + f, 
=0.16mm 
The crack spacing 
-25.8 x 6.45 x 10-' 
(2.05 
- 533 x 
10-6 x 7753 ) 
2 5.8 x 6.45 x 1()-3 (2.05 - 533 x 
10-6 x 7753) + 2.45 
S= 
2so (I + ý) 
_2x 
247.9(1+ 0.16) 
= 1215mm 3ý 3x 0.16 
C2 - 
2so 2x 247.9 
=0.16mm 3S-2so 3x 1215 -2x 247.9 
The final restraining force 
N(o) a* 
As (,, 
av sA*) C2 
N (oo) = 
-25.8x 1613(2.05 - 533x 
10-6 x 7753) 
-529KN 0.16 
5.5 Comparison with Gilbert (1992) model 
In order to compare the author's model with Gilbert's, the analysis was carried out 
using the author's computer program with the EC2 tension stiffening model for slabs 
Sl and S2 with zero gravity loading. The Rossier model is inapplicable for zero 
gravity loading. 
Table 5.4 compares the long-term (10000 day) axial restraint force for slabs Sl and 
S2 with zero gravity loading as predicted by the author's and Gilbert models. It can 
be seen that the final axial restraint force predicted by the author's model compares 
reasonably well with the Gilbert (1992) analysis, with a difference of less than 20%. 
Gilbert's model considers the effect of discrete cracks on the load displacement 
response of an axially restrained member. The author's model is less suitable for 
predicting the sequence of crack fort-nation in an axially restrained member with zero 
gravity loading since it uses a smeared crack approach which is suitable for 
members in which cracking is evenly distributed. In reality, the tensile strength of 
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concrete varies in a member from section to section, and consequently cracks form 
sequentially with the first crack forming at the weakest section and so forth. The 
tensile strength is assumed to be uniform throughout the member in the author's 
analysis. Therefore, the author's model incorrectly predicts that all the cracks form 
at the same load in an axially restrained member without gravity loading. 
The forces calculated using Gilbert's method are greater than the long-term (taken as 
70% short-term) concrete tensile strength. It is not possible to develop these forces 
until stabilised cracking is reached and this is unlikely under the shrinkage strains 
calculated. 
Table 5.4 Comparison between the author and Gilbert models for zero gravity 
loading 
Slab Model Axial restraint 
force (KN) 
Relative axial 
restraint force (%) 
Gilbert 385 100.0 
SI Author (EC2) 326 84.7 
Gilbert 529 100.0 
S2 Author (EC2) 425 80.3 
Table 5.5 compares the long-term (10000 day) axial restraint force for slabs SI and 
S2 with and without gravity loading. The results for zero gravity loading are those 
obtained from the Gilbert analysis. It can be seen that the final axial restraint force 
under a quasi-permanent load is significantly less than the value for zero gravity 
loading calculated with the Gilbert model, with a reduction of more than 60% for the 
cases considered. The final axial force can be overestimated significantly if the 
gravity loading is neglected which shows the benefit of taking gravity loading into 
account. This shows that the elongation of mid depth axis due to cracking from 
gravity loading significantly reduces the axial force in axially restrained slabs. This 
suggests that full depth cracks are unlikely to form in continuous members at the 
points of contra- flexure since the axial restraint force is insufficient to cause 
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cracking. The maximum value of the axial restraint force for zero gravity loading 
generally arises at cracking and can be significantly greater than the final value as 
shown in Section 2.11. It should be noted that the maximum tensile value of axial 
restraint force may be critical in terms of design of restraint elements. The effect of 
axial force in the design of restraint elements is beyond the scope of this research. 
Table 5.5 Effect of gravity loading on long-tenn axial restraint force 
Slab Gravity loading 
(KN/M2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force (%) 
0 385 100.0 
S1 6.4 149 38.7 
0 529 100.0 
S2 9.0 209 39.5 
5.6 Influence of second order effects 
The author's model takes into account second order geometrical effects by a simple 
iterative procedure as described in Section 3.7. To identify the influence of second 
order geometrical effects in axially restrained slabs; the analysis was repeated for 
slabs SI and S2 excluding second order effects. The analysis was carried out with 
the EC2 tension stiffening model. 
5.6.1 Bending moment 
Figures 5.10 and 5.11 show the variation with time of bending moment at the 
internal support and mid-span respectively, with and without second order effects for 
slab S2. It can be seen that ignoring second order effects due to geometrical 
nonlinearity results in the long-term moment at the support being overestimated and 
the long-term moment at mid span being underestimated. The decrease in bending 
moment at mid-span with time is small justifying the simplified assumption of 
elastic unloading implicit in the model as discussed in Section 3.6. Moreover, the 
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unloading in sagging moment is less significant when taking second order effects 
due to geometric nonlinearity which has been the case in the analysis. The error in 
neglecting unloading is likely to be small since the change in moment is small. 
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Figure 5.10 Influence of second order effects: bending moment at the internal 
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5.6.2 Axial restraint force 
Figures 5.12 and 5.13 show the development with time of axial restraint force, with 
and without second order effects for slabs S1 and S2. It can be seen that ignoring 
second order effects due to geometrical nonlinearity results in the long-term axial 
restraint force being underestimated since the reduction in sagging moment due to 
the second order effects is neglected. Consequently, if second order effects are 
neglected, the extension at the section mid- height is increased and the axial force 
required to maintain zero extension reduces. The second order geometrical effects 
are less significant for slab S2 since the presence of hogging and sagging moment 
zones largely cancels the effect. 
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5.6.3 Deflection 
Figures 5.14 and 5.15 show the development with time of maximum deflection, with 
and without second order geometrical effects for slabs SI and S2. Table 5.6 gives 
the long-term (10000 day) deflections with and without second order effects for 
slabs SI and S2. It can be seen that ignoring second order effects results in the long- 
term deflection being overestimated since the sagging moment is overestimated. The 
increase in long-term deflection due to the additional cracking induced by the tensile 
force is partly compensated for by the reduction in deflection due to second order 
effects. However, the overestimation in the calculation of long-term deflection 
resulting from ignoring second order effects is significant and justifies the decision 
to include second order effects in the analysis of axially restrained slabs. This 
conclusion at odds with Polak et al. (1996) who concluded that the effect of second 
order effects can be neglected at service load levels. 
Table 5.6 Influence of second order effects on maximum long-term deflection 
Slab Deflection Deflection Error 
including excluding 
second order second order 
effects (mm) effects (mm) 
33-99 40.70 19.7 
S1 
31.98 36.60 14.4 
S2 
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5.7 Effect of axial tensile force on deflection 
An investigation was made to determine the effect of axial tensile force on long-term 
(10000 day) deflection. The analysis was carried out with the EC2 tension stiffening 
model. 
Figure 5.16 and 5.17 show the effect of axial tensile force on long-term deflection 
for slabs SI and S2. With the presence of the axial tensile force two effects are in 
conflict. Firstly, the axial tensile force increases deflection since it increases 
cracking (the axial tensile force increases the interpolation coefficient), whilst, 
secondly, the axial tensile force reduces deflection since it reduces sagging moment 
due to second order effects. It follows that the deflection increases with the axial 
tensile force up to a certain value and reduces thereafter. Similar trends are observed 
for the simply supported and propped cantilever slabs. 
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5.8 Effect of variation of modulus of elasticity of concrete with time 
The equations developed in Sections 3.3 and 3.4 take into account the variation of 
modulus of elasticity of concrete with time by: 
9 Including the variation in calculating AO (ý), A, (tj and A2 (tj which are 
functions of the modulus of elasticity of concrete k (t,, ). 
* Including the aging strain, c,, in the free strain (see Section 3.3.2). 
To identify the influence of the variation of the modulus of elasticity of concrete 
with time on axial restraint force and deflections, the analysis was repeated for slabs 
SI and S2 assuming the modulus of elasticity of concrete was equal to its value at 
first loading throughout the analysis. The analysis was carried out with the EC2 
tension stiffening model. 
5.8.1 Axial restraint force 
Figures 5.18 and 5.19 show the development of axial restraint force with time, 
including and excluding the variation of modulus of elasticity of concrete with time 
for slabs SI and S2. It can be seen that the long-term axial restraint force is 
relatively insensitive to the variation in the modulus of elasticity of concrete with 
time. This suggests it is acceptable to neglect the variation of the modulus of 
elasticity of concrete with time in the calculation of the axial restraint force. Similar 
trends are observed with both the simply supported and propped cantilever slabs. 
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5.8.2 Deflection 
Figures 5.20 and 5.21 show the variation in maximum deflection with time including 
and excluding the variation in modulus of elasticity of concrete with time for slabs 
SI and S2. Table 5.7 gives the long-tenn. (10000 day) deflection with and without 
aging for slabs SI and S2. It can be seen that the long-tenn deflection is relatively 
insensitive to the variation of modulus of elasticity of concrete with time. This 
suggests that, it is justifiable to ignore the influence of aging due to the variation of 
modulus of elasticity of concrete with time in deflection calculations for slabs loaded 
at 7 days or later. Similar trends are observed with both the simply supported and 
propped cantilever slabs. 
Table 5.7 Effect of aging on maximum long-term deflections 
Slab Deflection Deflection Error 
including aging excluding aging 
(mm) (mm) 
33.99 34.12 0.4 
si 
31.98 32.14 0.5 
S2 
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5.9 Comparison between layered and sectional analyses 
In the sectional approach (see Section 3.9) the compression zone depth in the fully- 
cracked section is assumed constant and equal to its value at first loading to maintain 
the principle of superposition for modelling creep. However, the layered approach 
accounts for the change in compression zone depth with time by assuming the 
principle of superposition is valid for each layer. 
To investigate the effect of the assumption of constant compression zone depth, the 
analysis was repeated for slabs SI and S2 (unrestrained and restrained) using the 
sectional approach. The modulus of elasticity of concrete was taken as its value at 
first loading throughout the analysis. 
5.9.1 Unrestrained slabs 
Figures 5.22 and 5.23 show the development of maximum deflection with time for 
slabs Sl and S2 with zero axial force using both the layered and sectional 
approaches. Tables 5.8 and 5.9 give the short- and long-term (10000 day) deflections 
for slabs SI and S2 for both layered and sectional approaches. It can be seen that 
e The layered and sectional approaches give very similar short-term 
deflections. Therefore; the sectional approach provides partial verification 
for the correct implementation of the layered approach. 
9 The sectional approach gives slightly higher long-term deflections than the 
layered approach. However, the error at 10000 days is small (less than 7%), 
since the change in compression zone depth with time is relatively small for 
the fully- cracked section. 
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Table 5.8 Effect of modelling approach on maximum short-term deflection for 
unrestrained slabs 
Slab Deflection (mm) Error 
Layered 
approach 
Sectional 
approach 
SI 
11.12 11.05 -0.6 
S2 9.30 9.90 6.3 
Table 5.9 Effect of modelling approach on maximum long-term deflection for 
unrestrained slabs 
Slab Deflection (mm) Error 
Layered Sectional 
approach approach 
32.84 32.91 0.2 
SI 
27.10 28.86 6.5 
S2 
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5.9.2 Restrained slabs 
5.9.2.1 Axial restraint force 
Figures 5.24 and 5.25 show the variation in axial restraint force with time for slabs 
SI and S2 using both the layered and sectional analyses. It can be seen that the long- 
tenn axial restraint force is overestimated significantly if the sectional approach is 
used in the analysis. The reason for this is that the development of axial restraint 
force with time results in a significant decrease in the compression zone depth. This 
decrease is not accounted for using the sectional approach hence the extension due 
to cracking is less and the axial force increases. Similar trends are observed with 
both the simply supported and propped cantilever slabs. 
5.9.2.2 Deflection 
Figures 5.26 and 5.27 show the development of the maximum deflection with time 
for slabs Sl and S2 using both the layered and sectional analyses. Tables 5.10 and 
5.11 give the short- and long-term (10000 day) deflections for slabs SI and S2 using 
the layered and sectional analyses. It can be seen that 
9 The layered and sectional approaches give very identical short-term 
deflections. Therefore; the sectional approach provides partial verification of 
the correct implementation of the layered approach. 
* The long-term deflection is overestimated if the sectional approach is used in 
the analysis. The reason for this is that the overestimation in the axial 
restraint forces from using sectional analysis (see Section 5.9.2.1) results in 
the slab being more cracked, therefore the deflection increases. The increase 
in long-term deflection results from using the sectional approach is 
significant and justifies the adoption of the layered approach in the analysis 
of axially restrained slabs. 
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Table 5.10 Effect of modelling approach on maximum short-term deflection for 
restrained slabs 
Slab Deflection (mm) Error 
Layered 
approach 
Sectional 
approach 
SI 
7.40 7.42 0.3 
S2 7.38 7.71 4.5 
Table 5.11 Effect of modelling approach on maximum long-term deflection for 
restrained slabs 
Slab Deflection (mm) Error 
Layered 
approach 
Sectional 
approach 
SI 
34.12 36.82 7.9 
S2 32.14 38.53 19.9 
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5.10 Sensitivity analyses 
In the author's method (see Section 3.7) the slab is divided into a number of 
sections. Each section is subdivided into a number of layers. The time is divided into 
steps. Sensitivity analyses were carried out to quantify the effect of number of 
sections, layers and time steps on the long-term deflection for slabs SI and S2. The 
analysis was carried out with the EC2 tension stiffening model. 
5.10.1 Selection of number of sections 
To study the effect of number of sections; slabs SI and S2 were analysed with 10,20 
and 40 sections along the span. 
Figures 5.28 and 5.29 show the development of maximum deflection with time for 
different number of sections for slabs SI and S2. Tables 5.12 and 5.13 give the long- 
term (10000 day) deflections for slabs SI and S2 for different number of sections. It 
can be seen that increasing the number of sections above 20 does not change the 
results significantly. 
Table 5.12 Effect of number of sections on maximum long-term deflection for SI 
No of sections Deflection (mm) Relative deflection (%) 
10 40.15 118.1 
20 33.99 100.0 
40 34.09 100.3 
Table 5.13 Effect of number of sections on maximum long-term deflection for S2 
No of sections Deflection (mm) Relative deflection (%) 
10 35.45 110.9 
20 31.98 100.0 
40 32.13 100.5 
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5.10.2 Selection of number of layers 
The accuracy of the method depends on the number of layers each section is divided 
into. To study the effect of number of layers; slabs SI and S2 were analysed with 10, 
20 and 40 layers for each section. 
Figures 5.30 and 5.31 show the development of maximum deflection with time for 
different number of layers for slabs SI and S2. Tables 5.14 and 5.15 give the long- 
term (10000 day) deflections for slabs SI and S2 for different number of layers. It 
can be seen that using 20 layers is adequate. 
Table 5.14 Effect of number of layers on maximum long-term deflection for SI 
No of layers Deflection (mm) Relative deflection (%) 
10 34.15 100.5 
33.99 100.0 
20 
33.93 99.8 
40 
Table 5.15 Effect of number of layers on maximum long-term deflection for S2 
No of layers Deflection (mm) Relative deflection 
10 32.11 100.4 
31.98 100.0 
20 
31.94 99.9 
40 
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5.10.3 Selection of number of time steps 
In the author's method the time is divided into steps using the method proposed by 
Bazant (1972) (see Section 3.8.7). The accuracy of the method depends on the 
number of time steps. To study the effect of number of time steps; slabs SI and S2 
were analysed with 15,18 and 23 time steps. 
Tables 5.16 and 5.17 give the long-term (10000 day) deflections for slabs SI and S2 
for different numbers of time steps. It can be seen that using 18 time steps is 
adequate. 
Table 5.16 Effect of number of time steps on maximum long-term deflection for SI 
s No of time steps Deflection (mm) Relative deflection 
0 5 . 15 33.95 99.9 
18 33.99 100.0 0.4 
23 33.93 99.8 0.3 
Table 5.17 Effect of number of time steps on maximum long-term deflection for S2 
s No of time steps Deflection (mm) Relative deflection 
M 
0.5 15 32.08 100.1 
18 31.98 100.0 
0.4 
23 31.96 99.9 
0.3 
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5.11 Conclusions 
A simply supported and a propped cantilever axially restrained slabs have been 
analysed using the author's computer program with the EC2 and Rossier et al. 
tension stiffening models. The time-dependent developments of axial restraint force 
and deflection have been investigated. In order to quantify the effect of restraint, 
results have also been presented for unrestrained slabs. Using the EC2 tension 
stiffening model has the added benefit that the tensile steel stresses are calculated 
directly at the cracks. 
It has been found that, at early ages, the axial restraint force is compressive. 
Subsequently, it becomes tensile. At early ages the deflection and tensile steel stress 
in the axially restrained slab are less than in the unrestrained one. Subsequently, the 
deflection and tensile steel stress in the restrained slab become greater than in the 
unrestrained one. The author's model with the Rossier tension stiffening model 
predicts significantly lower long-term axial restraint forces than the EC2 model for 
reasons discussed in Section 5.2.1. The Rossier tension stiffening model predicts 
higher long-term deflections than the EC2 model (see Section 5.2.2). The increase in 
long-term deflection due to restraint is more significant with the Rossier model 
compared to the EC2 model. Similar conclusions have been drawn with both the 
simply supported and propped cantilever slabs which suggest the generality of the 
results. 
The author's model with the EC2 tension stiffening model has been found to predict 
similar axial restraint forces in members not subjected to gravity loading to the 
Gilbert (1992) model, with the difference being less than 20% for the cases 
considered. 
The final value of axial restraint force under a quasi-permanent load is significantly 
less than the axial force predicted by Gilbert's (1992) model for zero gravity loading 
with a reduction of more than 60%. It follows that the axial restraint force can be 
overestimated significantly if the effect of gravity loading is neglected. 
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Analyses have been carried out to quantify the effect of geometrical nonlinearity due 
to second order effects. It has been found that for axially restrained slabs the long- 
term deflection is significantly overestimated if the second order effects are ignored 
in the analysis. The effect of second order effects due to geometrical nonlinearity is 
significant in deflections calculations and should be taken into account. 
Analyses have been carried out to quantify the effect of variation of modulus of 
elasticity of concrete with time. It has been found that the effect of variation of 
modulus of elasticity of concrete with time is insignificant and can be neglected in 
deflection calculations for slabs loaded at 7 days or later. 
The analysis has also been carried out using the sectional approach with the EC2 
tension stiffening model. It has been shown that for long-term deflection the 
sectional approach gives results which are comparable to the layered approach for 
unrestrained slabs subjected to zero axial force. For axially restrained slabs the long- 
tenn deflection is overestimated significantly if the sectional approach is used in the 
analysis. It is concluded that, the sectional approach is only appropriate for the 
analysis of slabs without axial restraint. Parametric studies are carried out on axially 
restrained and unrestrained slabs in the following chapter. 
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Parametric study 
6.1 Introduction 
In Chapter 5 the author's computer program was used to analyse reinforced, concrete 
one-way spanning slabs subject to bending and axial restraint. To correctly design 
elements for the effect of shrinkage, the designer needs to determine the axial force 
in the system and its influence on deflections which usually governs the design of 
slabs. Calculation of deflections is an inexact science, due to uncertainties in 
loading, geometrical and material properties at the design stage and subsequently 
during construction and in service. This implies that a credible range of deflections 
should be estimated rather than a single value. 
In this chapter a parametric study is carried out on axially restrained and 
unrestrained reinforced concrete one-way slabs using the author's computer program 
with the EC2 and Rossier et al. tension stiffening models to determine the effect of 
relevant parameters on the long-term axial restraint force and deflection. For 
comparative purposes, the slabs described in Chapter 4 are used for the parametric 
study. The geometrical, material properties and service-life factors are investigated. 
For each study only one parameter is varied, with the others remaining at their 
default values given in Chapter 4. Predictions of long-term axial restraint force and 
deflection are given at 10000 days. 
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6.2 Effect of geometrical factors 
Slab thickness and reinforcement are the most important geometric parameters. 
Other factors that influence deflection in axially restrained slabs are the degree of 
restraint and eccentricity. 
6.2.1 Effect of slab thickness 
In practice, designers use different Procedures to determine slab thickness. Most 
design codes give span -to- depth rules for ensuring that slab deflections are within 
acceptable limits. To study the effect of slab thickness on long-tenn axial restraint 
force and deflection, three thicknesses were considered in the analysis (i. e. 160,180 
and 200 mm) and (225,250 and 275 mm) for slabs SI and S2 respectively. 
6.2.1.1 Long-term axial restraint force 
Figures 6.1 and 6.2 show the effect of slab thickness on the long-term (10000 day) 
axial restraint force for slabs SI and S2 respectively. Tables 6.1 and 6.2 give the 
long-term (10000 day) axial restraint force for different slab thicknesses for slabs SI 
and S2 respectively. 
It can be seen that the long-term axial restraint force increases with increasing slab 
thickness. The reason for this is that increasing the slab thickness results in an 
increase in the cracking moment which is proportionally greater than the increase in 
applied moment (self weight is proportional to slab thickness). Hence the slab is less 
cracked under gravity loading which decreases the elongation at mid-height. 
Therefore, as the slab thickness increases progressively less reduction in the slab 
length due to shrinkage is offset by the elongation due to cracking. It follows that a 
greater tensile axial force is required to eliminate the change in length. The long- 
term axial restraint force predicted by the Rossier model is significantly less than 
that predicted by EC2 as discussed in Section 5.2.1. The long-term axial restraint 
force increases almost in proportion to the slab thickness for both the simply 
supported and propped cantilever slabs. 
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Table 6.1 Effect of slab thickness on long-tenn axial restraint force for SI 
Model Slab thickness 
(mm) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
160 128 85.6 
EC2 180 150 100.0 
200 170 113.6 
160 78 95.6 
Rossier 180 82 100 
200 90 109.5 
Table 6.2 Effect of slab thickness on long-term axial restraint force for S2 
Model Slab thickness 
(mm) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
225 187 89.6 
EC2 250 208 100.0 
275 231 110.6 
225 133 95.0 
Rossier 250 140 100.0 
275 157 111.6 
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6.2.1.2 Long-term deflection 
Figures 6.3 to 6.6 show the effect of slab thickness on the long-term (10000 day) 
deflections for slabs SI and S2 for the EC2 and Rossier models. Tables 6.3 and 6.4 
give the long-term (10000 day) deflection for different thicknesses for slabs SI and 
S2. In order to quantify the effect of restraint on long-term deflection results are also 
presented for unrestrained slabs. 
It can be seen that the long-term deflection decreases with increasing slab thickness 
for the restrained and unrestrained slabs since the amount of cracking reduces due to 
the increase in slab thickness. Tables 6.3 and 6.4 show that the percentage increase 
in the long-term deflection due to restraint increases with increasing slab thickness. 
The relative increase in deflection with the slab thickness results from the 
corresponding increase in axial force. The Rossier model gives greater long-term 
deflections than the EC2 model. The increase in long-term deflection due to restraint 
is greater for the Rossier model than for the EC2 model (see Section 5.2.2). The 
increase in the percentage increase in long-term deflection due to restraint with 
increasing slab thickness can be greater than 10% and is considered significant. 
Similar trends are observed with the EC2 and Rossier models for both the simply 
supported and propped cantilever slabs. 
Table 6.3 Effect of slab thickness on maximum long-term deflection for SI 
Model Slab thickness 
(mm) 
Deflection (mm) Increase in 
deflection due to 
Restrained 
slab 
Unrestrained 
slab 
restraint (%) 
160 41.78 43.32 -3.6 
EC2 180 33.98 31.82 6.8 
200 28.31 24.51 15.5 
160 46.74 44.75 4.5 
Rossier 180 39.24 35.00 12.1 
200 33.27 25.92 28.3 
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Table 6.4 Effect of slab thickness on maximum long-term deflection for S2 
Model Slab thickness 
(mm) 
Deflection (mm) Increase in 
deflection due to 
Restrained 
slab 
Unrestrained 
slab 
restraint 
225 38.23 33.18 15.2 
EC2 250 31-99 26.36 21.3 
275 26.78 20.09 33.3 
225 45.39 38.83 16.9 
Rossier 250 35.34 27.80 27.1 
275 28.12 20.12 39.8 
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6.2.2 Effect of tension reinforcement 
It is common practice to provide more tension steel than required for flexure to 
reduce slab deflections. To study the effect of providing surplus tension steel on the 
long-term axial restraint force and deflection, slabs SI and S2 were re-analysed with 
area of tension steel equal to (1.0,1.2 and 1.4) times the area provided for flexure. 
6.2.2.1 Long-term axial restraint force 
Figures 6.7 and 6.8 show the effect of tension steel on the long-term axial restraint 
force for slabs SI and S2. Tables 6.5 and 6.6 give the long-tenn axial restraint force 
for different tension steel ratios for slabs SI and S2. 
It can be seen that the long-term axial restraint force increases almost linearly with 
area of tension steel. Increasing the area of tensile reinforcement causes two effects 
which act in opposing directions. Firstly, the curvature reduces due to the reduction 
in service stress in reinforcement, whilst, secondly, the shrinkage curvature 
increases. The former is most significant and consequently the curvature reduces, 
leading to a reduction in elongation and an increase in the axial restraint force. The 
increase in the long-ten-n axial restraint force with increasing tension steel ratio is 
most pronounced with the Rossier model compared to the EC2 model. Similar trends 
are observed for both the simply supported and propped cantilever slabs. 
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Table 6.5 Effect of tension steel area on long-term axial restraint force for SI 
Model Area of tension 
steel provided/ 
area of tension 
steel 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
1.0 150 100.0 
EC2 1.2 166 110.5 
1.4 178 118.4 
1.0 82 100.0 
Rossier 1.2 105 128.8 
1.4 124 151.8 
Table 6.6 Effect of tension steel area on long-term axial restraint force for S2 
Model Area of tension 
steel provided / 
area of tension 
steel 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
1.0 208 100.0 
EC2 1.2 226 108.4 
1.4 234 112.4 
1.0 140 100.0 
Rossier 1.2 160 114.0 
1.4 176 125.4 
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6.2.2.2 Long-term deflection 
Figures 6.9 to 6.12 show the effect of providing surplus tension steel area on the 
long-term deflections in slabs SI and S2 for the EC2 and Rossier models. Tables 6.7 
and 6.8 give the long-term deflection for different tension steel ratios for slabs SI 
and S2. In order to quantify the effect of restraint on long-term deflection results are 
also presented for unrestrained slabs. 
It can be seen that providing surplus tension steel reduces long-term deflections in 
restrained and unrestrained slabs of constant thickness. The percentage increase in 
long-term deflection due to restraint decreases with increasing tension steel area. 
The decrease in the percentage increase in long-term deflection due to restraint with 
increasing area of tension steel is not significant. Similar trends are observed with 
the EC2 and Rossier models for both the simply supported and propped cantilever 
slabs. 
Table 6.7 Effect of tension steel area on maximum long-term deflection for SI 
Model Area of tension 
steel provided / 
Deflection (mm) Increase in 
deflection due to 
area of tension 
steel 
Restrained 
slab 
Unrestrained 
slab 
restraint 
1.0 33.99 31.82 6.8 
EC2 1.2 30.36 29.24 3.8 
1.4 27.57 27.39 0.7 
1.0 39.24 35.00 12.1 
Rossier 1.2 35.53 32.23 10.3 
1.4 33.21 30.21 9.9 
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Table 6.8 Effect of tension steel area on maximum long-term deflection for S2 
Model Area of tension 
steel provided 
Deflection (mm) Increase in 
deflection due to 
area of tension 
steel 
Restrained 
slab 
Unrestrained 
slab 
restraint 
1.0 31.98 26.36 21.3 
EC2 1.2 28.34 24.42 16.1 
1.4 25.59 23.04 11.1 
1.0 35.34 27.80 27.1 
Rossier 1.2 32.21 25.98 24.0 
1.4 29.51 24.68 19.6 
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6.2.3 Effect of degree of restraint 
In the analysis in Chapter 5 the slabs were assumed to be fully axially restrained, 
which is unlikely in practice since slabs are usually partially restrained. If R is a 
restraint factor to define the degree of external restraint, the value of R varies 
between 0 for unrestrained and 1 .0 for fully restrained condition. 
R is defined as: 
R(t) = I- 
Arest (t 
A (t) 
where, 
Arest is the axial displacement in the partially restrained slab. 
Arest (t 
N(t) 
(6.2) 
k 
N is the long-term axial restraint force. 
k is the stiffness at support. 
k= 110 represents the case where the slab is fully restrained and the axial force is 
maximum. 
A is the long-term axial displacement in the unrestrained slab. 
To assess the influence of degree of restraint on the long-term axial restraint force 
and deflection, slabs SI and S2 were re-analysed with support stiffnesses of 10,100 
and 1000 KN/mm. 
6.2.3.1 Long-term axial restraint force 
Figures 6.13 and 6.14 show the effect of support stiffness on the long-term axial 
restraint force for slabs SI and S2. Tables 6.9 and 6.10 give the long-tenn axial 
restraint force for different support stiffnesses for slabs SI and S2. 
Restraint factors calculated with Equation (6.1) are presented in Tables 6.9 and 6.10 
for slabs SI and S2. 
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It can be seen that the long-term axial restraint force increases with increasing 
support stiffness. Similar trends are observed with the EC2 and Rossier models for 
both the simply supported and propped cantilever slabs. 
Table 6.9 Effect of support stiffness on long-tenn axial restraint force for SI 
Model Support stiffness 
(KN/mm) 
Restraint 
factor 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
10 5.2 11 7.0 
EC2 100 36.7 70 46.9 
1000 87.4 139 92.9 
00 100.0 150 100.0 
10 8.7 8 9.8 
Rossier 100 51.3 42 52.2 
1000 91.5 75 91.7 
00 100.0 82 100.0 
Table 6.10 Effect of support stiffness on long-tenn axial restraint force for S2 
Mod el Support stiffness 
(KN/mm) 
Restraint 
factor 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
10 10.3 20 9.5 
EC2 100 44.9 122 59.5 
1000 91.0 199 95.2 
Rossier 
00 
10 
100 
100.0 
10.0 
54.9 
208 
20 
101 
100.0 
14.4 
71.9 
1000 94.9 115 82.0 
00 100.0 140 100.0 
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6.2.3.2 Long-term deflection 
Figures 6.15 to 6.18 show the effect of degree of restraint on the long-tenn 
deflections for slabs SI and S2 given by the EC2 and Rossier models. Tables 6.11 
and 6.12 give the long-tenn deflection for different values of support stiffness for 
slabs SI and S2. In order to quantify the effect of degree of restraint on long-term 
deflection results are also presented for unrestrained slabs. 
It can be seen that the long-term deflection in partially restrained slabs increases 
with increasing support stiffness. However, above a critical value any increase in 
support stiffness can result in a decrease in long-tenn deflection as shown in Tables 
6.11 and 6.12. The reason for this is that the influence of second order effects in 
reducing deflection becomes progressively more significant with increasing support 
stiffness (see Figures 5.16 and 5.17). It follows that the effect of restraint on 
deflection is greatest when the degree of restraint is slightly below the full restraint 
condition. Similar trends are observed with the EC2 and Rossier models for both the 
simply supported and propped cantilever slabs. 
Table 6.11 Effect of support stiffness on maximum long-term deflection for SI 
Model Support 
stiffness 
Restraint 
factor 
Deflection (mm) Increase in 
deflection 
(KN/mm) Partially 
Restrained 
slab 
Unrestrained 
slab 
due to 
restraint (%) 
10 5.2 32.10 31.82 0.9 
EC2 100 36.7 33.57 31.82 5.5 
1000 87.4 34.16 31.82 7.4 
00 100.0 33.99 31.82 6.8 
10 8.7 35.53 35.00 1.5 
Rossier 100 51.3 37.54 35.00 7.2 
1000 91.5 39.00 35.00 11.4 
00 100.0 39.24 35.00 12.1 
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Table 6.12 Effect of support stiffness on maximum long-term deflection for S2 
Model Support 
stiffness 
Restraint 
factor 
Deflection (mm) Increase in 
deflection 
(KN/nun) Partially 
Restrained 
slab 
Unrestrained 
slab 
due to 
restraint (%) 
10 10.3 28.66 26.36 8.8 
EC2 100 44.9 31.46 26.36 19.3 
1000 91.0 32.18 26.36 22.0 
00 100.0 31.98 26.36 21.3 
10 10.0 29.09 27.80 4.6 
Rossier 100 54.9 33.36 27.80 20.0 
1000 94.9 35.84 27.80 28.9 
00 100.0 35.34 27.80 27.1 
212 
Parametric study 
40 
25 
35 
30 
.p 
20 
Z 
0) 
15 
10 
5 
Partially restrained slab 
Unrestrained slab 
Fully restrained slab 
0 
1 10 100 1000 10000 
Support stiffness (KN/mm) 
Figure 6.15 Effect of support stiffness on maximum long-term deflection for S 1, 
EC2 model 
45 
40 
35 
30 
25 
20 
15 
10 
5 
0 
4 Partially restrained slab 
Unrestrained slab 
-- Fully restrained slab 
1 10 100 1000 10000 
Support stiffness (KN/mm) 
Figure 6.16 Effect of support stiffness on maximum long-term deflection for SI, 
Rossier model 
213 
Parametric study 
35 
30 
25 
E 
E 20 
f- 0 
1@ 15 
0 
10 
5 
04 
1 
Partially restrained slab 
Unrestrained slab 
Fully restrained slab 
Support stiffness (KN/mm) 
Figure 6.17 Effect of support stiffness on maximum long-term deflection for S2, 
EC2 model 
40 
-------- _77f 35 ----------- 
30 -- ------ -- ------------------------------- 
25 -- ------------------------------------------- 
E Partially restrained slab 
.2 
20 -- ------------------------------------------- -Unrestrained slab i5 
---- Fully restrained slab 
15 -- ----------------------- -- ----------------- 
10 ------------------------------------------- 
5 -- -------------------------------- -- ---------- 
0 
1 10 100 1000 10000 
Support stiffness (KN/mm) 
Figure 6.18 Effect of support stiffness on maximum long-term deflection for S2, 
Rossier model 
214 
Parametric study 
6.2.4 Effect of eccentricity of restraint 
In the analysis in Chapter 5 the slabs were assumed to be axially restrained at the 
mid-height which is the typical situation. However, in practice, the eccentricity of 
the restraint may vary. For the case of slabs restrained against both axial and 
rotational displacement, the axial restraint force is independent of its eccentricity. 
However, for the case of simply supported axially restrained slabs the magnitude of 
the axial restraint force depends on the eccentricity of restraint. To investigate the 
effect of eccentricity of restraint on the long-term axial restraint force and deflection, 
slab S1 was re-analysed assuming the slab to be axially restrained at eccentricities 
(measured from the top of the slab) of (0.50,0.625and 0.75) D, where D is the 
thickness of the slab. 
6.2.4.1 Long-term axial restraint force 
Figure 6.19 shows the effect of eccentricity of restraint on the long-tenn axial 
restraint force for slab S 1. Table 6.13 gives the long-term axial restraint force for 
different eccentricities of restraint for slab S 1. 
It can be seen that the long-term axial restraint force decreases and changes from 
tension to compression as its eccentricity (measured from the top of the section) 
increases. The long-term axial force becomes compressive when the eccentricity of 
restraint exceeds a critical value, since the elongation under the gravity loading is 
not compensated by shrinkage. The decrease in the long-term axial restraint force 
with increasing its eccentricity is very significant. Similar trends are observed with 
the EC2 and Rossier models. 
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Table 6.13 Effect of eccentricity of restraint on long-ten-n axial restraint force for 
si 
Model Eccentricity of 
restraint 
measured from 
top fibre (min) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
90 150 100.0 
EC2 112.5 27 18.1 
135 -23 -15.3 
90 82 100.0 
Rossier 112.5 -1 -1.0 
135 -27 -33.3 
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Figure 6.19 Effect of eccentricity of restraint on long-term axial restraint force for 
sl 
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6.2.4.2 Long-term deflection 
Figures 6.20 and 6.21 show the effect of the eccentricity of the restraint on the long- 
term deflections for slab SI using the EC2 and the Rossier models. Table 6.14 gives 
long-term deflections for different restraint eccentricities for slab S 1. In order to 
quantify the effect of restraint on long-term deflection results are also presented for 
unrestrained slab. 
It can be seen that the long-term deflection in axially restrained slabs tends to 
decrease with increasing eccentricity of the restraint. Therefore, the percentage 
increase in the long-term deflection due to restraint reduces with increasing 
eccentricity of restraint. The long-term deflection in the restrained slab becomes less 
than that in the unrestrained slab when the eccentricity of the restraint exceeds a 
critical value at which the axial restraint force becomes compressive. It follows that 
restraint can have favourable effect in reducing long-tenn deflection in slabs without 
full moment restraint which are axially restrained below a limiting value. 
Table 6.14 Effect of eccentricity of restraint on maximum long-ten-n deflection for 
si 
Model Eccentricity of 
restraint 
Deflection (mm) Increase in 
deflection due to 
measured from 
top fibre (mm) 
Restrained 
slab 
Unrestrained 
slab 
restraint 
90 33.99 31.82 6.8 
EC2 112.5 34.07 31.82 7.1 
135 28.48 31.82 -10.5 
90 39.24 35.00 12.1 
Rossier 112.5 34.80 35.00 -0.6 
135 28.56 35.00 -9.4 
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6.3 Effect of concrete material properties 
Concrete material properties include tensile strength, modulus of elasticity, creep 
coefficient and free shrinkage strain. All the properties of concrete are related to its 
compressive strength; generally all of them improve with increasing strength. 
6.3.1 Effect of tensile strength of concrete 
The tensile strength of concrete is perhaps the most important material property in 
serviceability calculations, since it determines the extent of cracking. The analysis in 
Chapter 5 was carried out assuming mean tensile strength given by Equation (4.1), 
which can vary appreciably for concrete designed for the same strength. To study the 
effect of tensile strength on long-term axial restraint force and deflection, slabs SI 
and S2 were re-analysed with different levels of tensile strength corresponding to 
±33% of the mean value (implying tensile strengths of 1.64,2.45 and 3.26 N/mrn 2). 
Long-term axial restraint force 
Figures 6.22 and 6.23 show the effect of tensile strength of concrete on the long- 
tenu axial restraint force for stabs SI and S2. Tables 6.15 and 6.16 give the long- 
term axial restraint force for different tensile strengths of concrete for slabs SI and 
S2. 
It can be seen that the long-term axial restraint force increases with increasing 
tensile strength. The reason for this is that increasing the tensile strength results in 
the slab being less cracked due to the increase in cracking moment; therefore, the 
elongation at mid depth decreases and the effect of shrinkage in reducing the length 
is not largely offset by the elongation due to cracking. It follows that a greater tensile 
axial force is required to eliminate the change in length. The increase in the long- 
term axial restraint force with increasing tensile strength of concrete is almost 
proportional. Similar trends are observed with the EC2 and Rossier models for both 
the simply supported and propped cantilever slabs. 
219 
Parametric study 
Table 6.15 Effect of tensile strength on long-term axial restraint force for SI 
Model Tensile 
strength/mean 
tensile strength 
Tensile 
strength at 7 
days 
(N/MM2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
(%) 
0.67 1.64 81 53.8 
EC2 1.00 2.45 150 100.0 
1.33 3.26 211 140.5 
0.67 1.64 36 44.3 
Rossier 1.00 2.45 82 100.0 
1.33 3.26 138 168.6 
Table 6.16 Effect of tensile strength on long-tenn axial restraint force for S2 
Model Tensile 
strength/mean 
tensile strength 
Tensile 
strength at 7 
days 
(N/MM2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
0.67 1.64 138 65.9 
EC2 1.00 2.45 208 100.0 
1.33 3.26 281 134.8 
0.67 1.64 104 74.5 
Rossier 1.00 2.45 140 100.0 
1.33 3.26 193 137.4 
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6.3.1.2 Long-term deflection 
Figures 6.24 to 6.27 show the effect of variations in the tensile strength of concrete 
on long-term deflections for slabs SI and S2 for the EC2 and Rossier models. Tables 
6.17 and 6.18 give long-tenn deflections for different values of tensile strengths for 
slabs SI and S2. In order to quantify the effect of restraint on long-term deflection 
results are also presented for unrestrained slabs. 
It can be seen that increasing the tensile strength reduces long-term deflections for 
the restrained and unrestrained slabs since the amount of cracking reduces due to the 
increase in tensile strength. The percentage increase in the long-term deflection due 
to restraint increases with increasing tensile strength of concrete since the axial 
restraint force increases (as shown in Section 6.3.1.1), thereby increasing the 
influence of axial restraint. The effect is less significant for the EC2 model than the 
Rossier model. The increase in the percentage increase in long-term deflection due 
to restraint is greater for the propped cantilever than the simply supported slab. 
Table 6.17 Effect of tensile strength on maximum long-term deflection for SI 
Model Tensile 
strength/mean 
Tensile 
strength at 7 
Deflection (mm) Increase in 
deflection 
tensile 
strength 
days 
(N/MM2) 
Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 1.64 39.97 37.52 6.5 
EC2 1.00 2.45 33.99 31.82 6.8 
1.33 3.26 26.83 25.03 7.2 
0.67 1.64 41.83 39.87 4.9 
Rossier 1.00 2.45 39.24 35.00 12.1 
1.33 3.26 32.78 25.12 30.5 
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Table 6.18 Effect of tensile strength on maximum long-term deflection for S2 
Model Tensile 
strength/mean 
Tensile 
strength at 7 
Deflection (mm) Increase in 
deflection 
tensile 
strength 
days 
(N/MM2) 
Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 1.64 36.58 31.09 17.6 
EC2 1.00 2.45 31.99 26.36 21.3 
1.33 3.26 26.33 21.22 24.0 
0.67 1.64 38.25 34.52 10.8 
Rossier 1.00 2.45 35.34 27.80 27.1 
1.33 3.26 32.05 20.27 58.1 
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6.3.2 Effect of modulus of elasticity of concrete 
The MC-90 (1993) equations for calculating the modulus of elasticity of concrete are 
presented in Appendix C. 1. In order to assess the influence of the modulus of 
elasticity of concrete on the long-term axial restraint force and deflection, slabs SI 
and S2 were re-analysed with three values of elastic modulus (i. e. 0.67,1.00 and 
1.33) times the mean value. 
6.3.2.1 Long-term axial restraint force 
Figures 6.28 and 6.29 show the effect of the modulus of elasticity of concrete on the 
long-term axial restraint force for slabs SI and S2. Tables 6.19 and 6.20 give the 
long-term axial restraint force for different elastic moduli for slabs SI and S2. 
It can be seen that the long-term axial restraint force is relatively insensitive to the 
variation in elastic modulus considered. Similar trends are observed for both the 
simply supported and propped cantilever slabs. 
Table 6.19 Effect of elastic modulus on long-term axial restraint force for SI 
Model Elastic 
modulus/mean 
elastic 
modulus 
Elastic 
modulus 
(KN/MM2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
0.67 19.0 152 101.7 
EC2 1.00 28.3 150 100.0 
1.33 37.6 147 98.2 
0.67 19.0 90 110.0 
Rossier 1.00 28.3 82 100.0 
1.33 37.6 75 91.2 
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Table 6.20 Effect of elastic modulus on long-term axial restraint force for S2 
Model Elastic 
modulus/mean 
elastic 
modulus 
Elastic 
modulus 
(KN/MM2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
0.67 19.0 208 100.0 
EC2 1.00 28.3 208 100.0 
1.33 37.6 207 99.7 
0.67 19.0 150 107.5 
Rossier 1.00 28.3 140 100.0 
1.33 37.6 138 98.2 
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6.3.2.2 Long-term deflection 
Figures 6.30 to 6.33 show the effect of elastic modulus on the long-term deflection 
for slabs SI and S2 using the EC2 and Rossier models. Tables 6.21 and 6.22 give the 
long-term deflection with different elastic moduli for slabs SI and S2. In order to 
quantify the effect of restraint on long-term deflection results are also presented for 
unrestrained slabs. 
It can be seen that increasing the elastic modulus of concrete reduces long-term 
deflection for the restrained and unrestrained slabs since the slab is stiffer. The 
percentage increase in the long-term deflection due to restraint increases with 
increasing modulus of elasticity of concrete. The reason for this is that increasing the 
modulus of elasticity of concrete results in the reinforcement contributing less to the 
slab stiffness as modular ratio is reduced. The contribution of steel to slab stiffness is 
more pronounced for axially restrained slabs since the area of concrete in 
compression is less. The increase in the percentage increase in long-term deflection 
due to restraint with increasing modulus of elasticity is not significant. Similar 
trends are observed for both the simply supported and propped cantilever slabs. 
Table 6.21 Effect of elastic modulus on maximum long-term deflection for SI 
Model Elastic 
modulus/mean 
Elastic 
modulus 
Deflection (mm) Increase in 
deflection 
elastic 
modulus 
(KN/mm 2 Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 19.0 35.02 35.09 -0.2 
EC2 1.00 28.3 33.99 31.82 6.8 
1.33 37.6 33.19 29.93 10.9 
0.67 19.0 40.87 39.63 3.1 
Rossier 1.00 28.3 39.24 35.00 12.1 
1.33 37.6 37.84 33.51 12.9 
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Table 6.22 Effect of elastic modulus on maximum long-term deflection for S2 
Model Elastic 
modulus/mean 
Elastic 
modulus 
Deflection (mm) Increase in 
deflection 
elastic 
modulus 
(KN/mm. 2 Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 19.0 32.90 28.82 14.2 
EC2 1.00 28.3 31.98 26.36 21.3 
1.33 37.6 31.36 24.89 26.0 
0.67 19.0 35.66 29.72 20.0 
Rossier 1.00 28.3 35.34 27.80 27.1 
1.33 37.6 34.77 26.66 30.4 
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6.3.3 Effect of free shrinkage strain 
In order to assess the influence of free shrinkage strain on long-term axial restraint 
force and deflection, slabs SI and S2 were re-analysed with three values of 
shrinkage strain (i. e. 0.67,1.00 and 1.33) times the mean value (implying free 
shrinkage strains of 367x 10-6 548x 10-6 and 729x 10-6 for SI and of 357x 10-6 
533x 10-6 and 709x 10-6 for S2). The free shrinkage strains were calculated in 
accordance with the recommendations of MC-90 (1993) which are presented in 
Appendix C. 3. 
6.3.3.1 Long-term axial restraint force 
Figures 6.34 and 6.35 show the effect of free shrinkage strain on the long-tenn axial 
restraint force for slabs SI and S2. Tables 6.23 and 6.24 give the long-tenn axial 
restraint force for different free shrinkage strains for slabs SI and S2. 
It can be seen that the long-term axial restraint force increases with increasing free 
shrinkage strain since increasing the shrinkage strain increases the shortening. The 
increase in long-term axial restraint force with increasing free shrinkage strain is 
significant. Similar trends are observed with the EC2 and Rossier models for both 
the simply supported and propped cantilever slabs. 
Table 6.23 Effect of free shrinkage strain on long-term axial restraint force for SI 
Model Free shrinkage 
strain/mean 
shrinkage 
strain 
Free shrinkage 
strainx 106 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
0.67 367 93 62.1 
EC2 1.00 548 150 100.0 
1.33 729 173 115.9 
0.67 367 40 49.2 
Rossier 1.00 548 82 100.0 
1.33 729 110 134.8 
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Table 6.24 Effect of free shrinkage strain on long-tenn axial restraint force for S2 
Model Free shrinkage 
strain/mean 
shrinkage 
strain 
Free shrinkage 
strainx 106 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
(%) 
0.67 357 160 76.5 
EC2 1.00 533 208 100.0 
1.33 709 234 112.2 
0.67 357 109 77.8 
Rossier 1.00 533 140 100.0 
1.33 709 157 112.1 
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6.3.3.2 Long-term deflection 
Figures 6.36 to 6.39 show the effect of the free shrinkage strain on the long-term 
deflections for slabs SI and S2 using the EC2 and Rossier models. Tables 6.25 and 
6.26 give long-term deflections for different free shrinkage strains for slabs S1 and 
S2. In order to quantify the effect of restraint on long-term deflection results are also 
presented for unrestrained slabs. 
It can be seen that increasing the free shrinkage strain increases long-term 
deflections in the unrestrained slabs. Increasing the free shrinkage strain causes both 
the shrinkage curvature and the axial restraint force to increase. Increasing the 
shrinkage curvature causes an increase in deflection whilst increasing the axial 
restraint force above a critical limit causes the deflection to reduce. In the axially 
restrained slabs with the EC2 tension stiffening model, there is a limiting strain 
above which the deflection reduces with increasing free shrinkage strain. This is 
explained by the observation that increasing the free shrinkage strain increases the 
long-term axial restraint force above the limiting value which causes deflections to 
reduce as discussed above (see Figures 5.16 and 5.17). The reduction in deflection 
with increasing free shrinkage strain is not observed with the Rossier model since it 
predicts a lower axial restraint force hence the increase in curvature due to shrinkage 
dominates. The percentage increase in the long-term deflection due to restraint 
decreases with increasing free shrinkage strain. 
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Table 6.25 Effect of free shrinkage strain on maximum long-tenn deflection for SI 
Model Free 
shrinkage 
Free 
shrinkage 
Deflection (mm) Increase in 
deflection 
strain/mean 
shrinkage 
strain 
strainx 106 Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 367 32.19 29.33 9.8 
EC2 1.00 548 33.99 31.82 6.8 
1.33 729 32.95 34.31 -4.0 
0.67 367 34.09 31.30 8.9 
Rossier 1.00 548 39.24 35.00 12.1 
1.33 729 42.02 38.73 8.5 
Table 6.26 Effect of free shrinkage strain on maximum long-term deflection for S2 
Model Free 
shrinkage 
Free 
shrinkage 
Deflection (mm) Increase in 
deflection 
strain/mean 
shrinkage 
strain 
strainx 10 
6 Restrained 
slab 
Unrestrained 
slab 
due to 
restraint (%) 
0.67 357 30.45 24.24 25.6 
EC2 1.00 533 31.98 26.36 21.3 
1.33 709 31.71 28.54 11.1 
0.67 357 31.28 24.55 27.4 
Rossier 1.00 533 35.34 27.80 27.1 
1.33 709 37.12 31.08 19.4 
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6.3.4 Effect of creep coefficient 
In order to assess the influence of creep coefficient on long-term axial restraint force 
and deflection, slabs S1 and S2 were re-analysed with three values of creep 
coefficient (i. e. 0.67,1.00 and 1.33) times the mean value (implying creep 
coefficients of 1.96,2.92 and 3.88 for SI and 1.87,2.79 and 3.71 for S2 ). The creep 
coefficients were calculated in accordance with the recommendations of MC-90 
(1993) which are presented in Appendix C. 2. 
6.3.4.1 Long-term axial restraint force 
Figures 6.40 and 6.41 show the effect of the creep coefficient on the long-terin axial 
restraint force for slabs S1 and S2. Tables 6.27 and 6.28 give the long-term axial 
restraint force for different creep coefficients for slabs SI and S2. 
It can be seen that the long-term axial restraint force is relatively insensitive to the 
variation in creep coefficient considered. Creep results in a shift of the neutral axis 
towards the tension side which reduces the extension due to cracking at mid-height 
for a given curvature. The effect of this is to increase the axial force required to 
restrain shortening of the slab due to shrinkage. Creep also causes strains to increase 
under sustained load which reduces the axial restraint force required to prevent 
shortening of the slab due to shrinkage. The net effect of varying the creep 
coefficient on the axial restraint force is relatively small since the two effects 
described above largely cancel each other out. Similar trends are observed with the 
EC2 and Rossier models for both the simply supported and propped cantilever slabs. 
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Table 6.27 Effect of creep coefficient on long-term axial restraint force for SI 
Model Creep 
coefficient/mean 
creep coefficient 
Creep 
coefficient 
Axial restraint 
force (KN) 
Axial restraint 
force 
0.67 1.96 147.9 98.9 
EC2 1.00 2.92 149.6 100.0 
1.33 3.88 150.0 100.2 
0.67 1.96 75 91.5 
Rossier 1.00 2.92 82 100.0 
1.33 3.88 86 104.8 
Table 6.28 Effect of creep coefficient on long-tenn axial restraint force for S2 
Model Creep 
coefficient/mean 
creep coefficient 
Creep 
coefficient 
Axial restraint 
force (KN) 
Axial restraint 
force 
0.67 1.87 210 100.6 
EC2 1.00 2.79 208 100.0 
1.33 3.71 207 99.1 
0.67 1.87 138 98.6 
Rossier 1.00 2.79 140 100.0 
1.33 3.71 141 100.6 
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6.3.4.2 Long-term deflection 
Figures 6.42 to 6.45 show the effect of varying the creep coefficient on long-term 
deflections for slabs Sl and S2 using the EC2 and Rossier models. Tables 6.29 and 
6.30 give long-term deflections for different creep coefficients for slabs S1 and S2. 
In order to quantify the effect of restraint on long-term deflection results are also 
presented for unrestrained slabs. 
It has been shown in Section 6.3.4.1 that varying the creep coefficient has a little 
effect on the axial restraint force. The long-term deflection increases with increasing 
the creep coefficient for the restrained and unrestrained slabs. Furthermore, the 
relative increase in deflection due to creep is slightly greater in the unrestrained than 
the restrained slabs. The reason for this is that in axially restrained slabs the effect of 
the time-dependent axial restraint force is to reduce the compression zone depth 
gradually with time, therefore the effect of creep is less pronounced. The percentage 
increase in the long-term deflection due to restraint decreases with increasing creep 
coefficient. The decrease in the percentage increase in long-term deflection due to 
restraint with increasing creep coefficient is not significant. Similar trend are 
observed with the EC2 and Rossier models for both the simply supported and 
propped cantilever slabs. 
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Table 6.29 Effect of creep coefficient on maximum long-term deflection for SI 
Model Creep 
coefficient/mean 
Creep 
coefficient 
Deflection (mm) Increase in 
deflection 
creep coefficient Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 1.96 32.86 29.76 10.4 
EC2 1.00 2.92 33.99 31.82 6.8 
1.33 3.88 34.87 33.79 3.2 
0.67 1.96 37.59 33.07 13.7 
Rossier 1.00 2.92 39.24 35.00 12.1 
1.33 3.88 40.43 36.37 11.2 
Table 6.30 Effect of creep coefficient on maximum long-term deflection for S2 
Model Creep 
coefficient/mean 
Creep 
coefficient 
Deflection (mm) Increase in 
deflection 
creep coefficient Restrained 
slab 
Unrestrained 
slab 
due to 
restraint 
0.67 1.87 31.07 24.73 25.7 
EC2 1.00 2.79 31.98 26.36 21.3 
1.33 3.71 32.75 27.93 17.2 
0.67 1.87 34.44 26.38 30.5 
Rossier 1.00 2.79 35.34 27.80 27.1 
1.33 3.71 35.93 28.92 24.2 
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6.3.5 Effect of concrete strength 
The tensile strength, modulus of elasticity, creep coefficient and free shrinkage 
strain of concrete are all related to the concrete compressive strength, which can 
vary appreciably in the field from the value used in design. In the analysis in Chapter 
5 the concrete cylinder strength was assumed to be 30N/mrn 2. To study the effect of 
concrete strength on the long-term axial restraint force and deflection, slabs SI and 
S2 were re-analysed with three levels of concrete strength (i. e. 30,40 and 50 
N/mm. 2 ). All the concrete material properties were assumed to vary with the concrete 
strength in accordance with the recommendation of MC-90 (1993) (Implying tensile 
strengths and free shrinkage strains of 2.45,2.97 and 3.45 and 548x 10-6 , 483x 10-6 
and 417x 10-6 for S1 and 533x 10-6 , 470x 10-6 and 406x 10-6 for S2 respectively). 
6.3.5.1 Long-term axial restraint force 
Figures 6.46 and 6.47 show the effect of concrete strength on the long-term axial 
restraint force for slabs SI and S2. Tables 6.31 and 6.32 give the long-tenn axial 
restraint force for different concrete strengths for slabs SI and S2. 
It can be seen that the long-term axial restraint force increases with increasing 
concrete strength. Increasing the concrete strength: 
a) Increases the concrete tensile strength which increases the axial restraint 
force (see Section 6.3.1.1). 
b) Increases the modulus of elasticity which has an insignificant effect on the 
axial restraint force (see Section 6.3.2.1). 
c) Reduces the free shrinkage strain which reduces the axial restraint force (see 
Section 6.3.3.1). 
d) Reduces the creep coefficient which has a negligible effect on the axial 
restraint force (see Section 6.3.4.1). 
The long-term axial restraint force increases with increasing concrete strength since 
the effect of a) is more pronounced than c). Tables 6.31 and 6.32 show that the 
increase in the long-term axial restraint force with increasing concrete strength is 
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significant. Similar trends are observed with the EC2 and Rossier models for both 
the simply supported and propped cantilever slabs. 
Table 6.31 Effect of concrete strength on long-term axial restraint force for SI 
Model Concrete 
strength 
(N/mm 2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
(%) 
30 150 100.0 
EC2 40 179 119.2 
50 203 135.1 
30 82 100.0 
Rossier 40 93 114.0 
50 120 146.8 
Table 6.32 Effect of concrete strength on long-tenn axial restraint force for S2 
Model Concrete 
strength 
(N/mm 2) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
(%) 
30 208 100.0 
EC2 40 243 116.3 
50 269 128.8 
30 140 100.0 
Rossier 40 178 126.7 
50 203 144.7 
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6.3-5.2 Long-term deflection 
Figures 6.48 to 6.51 show the effect of concrete strength on long-term deflection for 
slabs SI and S2 for the EC2 and Rossier models. Tables 6.3 3 and 6.34 give the long- 
term deflection for different concrete grades for slabs SI and S2. In order to quantify 
the effect of restraint on long-term deflection results are also presented for 
unrestrained slabs. 
It can be seen that increasing the concrete strength reduces long-term deflections for 
the restrained and unrestrained slabs since increasing the concrete strength: 
a) Increases the concrete tensile strength which reduces deflection (see Section 
6.3.1.2). 
b) Increases the elastic modulus which reduces deflection (see Section 6.3.2.2). 
c) Reduces the free shrinkage strain which tends to reduce deflection (see Section 
6.3.3.2). 
d) Reduces the creep coefficient which reduces deflection (see Section 6.3.4.2). 
The increase in the percentage increase in long-tenn deflection due to restraint with 
increasing concrete strength is significant. The effect is most significant with the 
Rossier model. Similar trends are observed for both the simply supported and 
propped cantilever slabs. 
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Table 6.33 Effect of concrete strength on maximum long-term deflection for SI 
Model Concrete strength 
(N/Mm 2) 
Deflection (mm) Increase in 
deflection due to 
Restrained 
slab 
Unrestrained 
slab 
restraint 
30 33.99 31.82 6.8 
EC2 40 28.91 25.62 12.8 
50 24.84 20.11 23.5 
30 39.24 35.00 12.1 
Rossier 40 31.94 26.50 20.5 
50 29.34 19.30 52.1 
Table 6.34 Effect of concrete strength on maximum long-term deflection for S2 
Model Concrete strength 
(N/MM2) 
Deflection (mm) Increase in 
deflection due to 
Restrained 
slab 
Unrestrained 
slab 
restraint (%) 
30 31.99 26.36 21.3 
EC2 40 27.88 21.26 31.1 
50 24.46 17.16 42.6 
30 35.34 27.80 27.1 
Rossier 40 31.37 20.96 49.7 
50 27.53 15.34 79.5 
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6.4 Effect of service-life factors 
The magnitude of gravity loading and the relative humidity are the most important 
service-life factors in deflections calculation. 
6.4.1 Effect of magnitude of gravity loading 
The analysis in Chapter 5 was carried out under the sustained loads of 6.4 KN/M2 
and 9. OKN/M2 for SI and S2 respectively. To study the effect of gravity loading on 
long-term axial restraint force and deflection, slabs Sl and S2 were re-analysed 
under different levels of gravity loading (i. e. 4.3,6.4 and 8.5 KN/m 2 for S1 and 6.0, 
9.0 and 12.0 KN/m 2 for S2). The first value in each case corresponds to the slab self- 
weight. 
6.4.1.1 Long-term axial restraint force 
Figures 6.52 and 6.53 show the effect of gravity loading on the long-tenn axial 
restraint force for slabs Sl and S2. Tables 6.35 and 6.36 give the long-term axial 
restraint force for different gravity loadings for slabs SI and S2. 
It can be seen that the long-terin axial restraint force decreases with increasing 
gravity loading. The reason for this is that increasing gravity loading results in 
increased curvature due to the increase in moment and consequent cracking which 
increases the elongation at the mid-height. Therefore, the shortening due to 
shrinkage is largely offset by the elongation due to cracking. It follows that less 
tensile axial force is required to eliminate the change in length. The decrease in the 
long-term axial restraint force with increasing gravity loading is significant. Similar 
trends are observed with the EC2 and Rossier models. 
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Table 6.35 Effect of gravity loading on long-term axial restraint force for SI 
Model Gravity load 
(KN/m 2 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
4.3 182 121.4 
EC2 6.4 150 100.0 
8.5 91 60.7 
4.3 119 145.2 
Rossier 6.4 82 100.0 
8.5 28 33.9 
Table 6.36 Effect of gravity loading on long-term axial restraint force for S2 
Model Gravity load 
(KN/m 2 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
6.0 246 118.0 
EC2 9.0 208 100.0 
12.0 167 80.2 
6.0 153 109.2 
Rossier 9.0 140 100.0 
12.0 118 84.1 
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6.4.1.2 Long-term deflection 
Figures 6.54 to 6.57 show the effect of gravity loading on long-term deflections for 
slabs SI and S2 using the EC2 and Rossier models. Tables 6.3 7 and 6.3 8 give long- 
term deflections for different gravity loadings for slabs SI and S2. In order to 
quantify the effect of restraint on long-term deflections results are also presented for 
unrestrained slabs. 
It can be seen that increasing the gravity loading increases the long-term deflection 
for the restrained and unrestrained slabs since the curvature increases due to the 
increase in bending moment and the stab is more cracked. The percentage increase 
in the long-term deflection due to restraint reduces with increasing gravity loading. 
The reason for this is that increasing gravity loading results in reducing the axial 
restraint force as described in Section 6.4.1.1, thereby reducing the influence of axial 
restraint. The decrease in the percentage increase in long-term deflection due to 
restraint with increasing gravity loading is most significant with the Rossier model. 
Similar trends are observed for both the simply supported and propped cantilever 
slabs. 
Table 6.37 Effect of gravity loading on maximum long-term deflection for SI 
Model Gravity 
load 
Deflection (mm) Increase in 
deflection 
(KN/M2 Restrained 
slab 
Unrestrained 
slab 
due to 
restraint (%) 
4.3 18.10 16.08 12.5 
EC2 6.4 33.99 31.82 6.8 
8.5 47.15 44.47 6.0 
4.3 25.09 17.68 41.9 
Rossier 6.4 39.24 35.00 12.1 
8.5 49.64 47.48 4.5 
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Table 6.38 Effect of gravity loading on maximum long-term deflection for S2 
Model Gravity 
load 
Deflection (mm) Increase in 
deflection 
(KN/M2 Restrained 
slab 
Unrestrained 
slab 
due to 
restraint (%) 
6.0 16.63 13.62 22.1 
EC2 9.0 31.98 26.36 21.3 
12.0 44.21 37.32 18.5 
6.0 20.10 13.89 44.7 
Rossier 9.0 35.34 27.80 27.1 
12.0 46.18 41.04 12.5 
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6.4.2 Effect of relative humidity 
The relative humidity has a significant influence on the long-term axial restraint 
force and deflection since it strongly influences the free shrinkage strain and creep 
coefficient of concrete. The analysis in Chapter 5 was carried out assuming a relative 
humidity of 50%. In order to assess the influence of relative humidity on long-term 
axial restraint force and deflection, slabs Sl and S2 were re-analysed with three 
values of relative humidity (i. e. 50,70 and 90%). The influence of relative humidity 
on creep and shrinkage was determined with the recommendations of MC-90 (1993) 
which are presented in Appendices C. 2 and C. 3, respectively. (The corresponding 
free shrinkage strains and creep coefficients are 548x 10-6 141 1X 10-6 and 170x 10-6 
fo r 
St and 533x 10-6 !, 
401 x 10-6 and 165x 10-6 for S2 and 2.92,2.35 and 1.74 for S1 and 
2.79,2.27 and 1.70 for S2 respectively). 
6.4.2.1 Long-term axial restraint force 
Figures 6.58 and 6.59 show the effect of relative humidity on the long-term axial 
restraint force for slabs SI and S2. Tables 6.39 and 6.40 give the long-term axial 
restraint force for different values of relative humidity for slabs SI and S2. 
Increasing the relative humidity: 
a) Reduces the free shrinkage strain which reduces the axial shortening and hence 
the axial restraint force (see Section 6.3.3.1). 
b) Reduces the creep coefficient which has a negligible effect on the axial restraint 
force (see Section 6.3.4.1). 
The long-term axial restraint force reduces and can change from tension to 
compression with increasing relative humidity. Similar trends are observed with the 
EC2 and Rossier models for both the simply supported and propped cantilever slabs. 
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Table 6.39 Effect of relative humidity on long-term axial restraint force for SI 
Model Relative 
humidity 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
50 150 100.0 
EC2 70 108 72.2 
90 -29 -19.1 
50 82 100.0 
Rossier 70 46 56.4 
90 -19 -23.6 
Table 6.40 Effect of relative humidity on long-term axial restraint force for S2 
Model Relative 
humidity (%) 
Axial restraint 
force (KN) 
Relative axial 
restraint force 
50 208 100.0 
EC2 70 174 83.4 
90 26 12.3 
50 140 100.0 
Rossier 70 116 82.4 
90 40 28.6 
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6.4.2.2 Long-term deflection 
Figures 6.60 to 6.63 show the effect of relative humidity on long-term deflection for 
slabs SI and S2 using the EC2 and Rossier models. Tables 6.41 and 6.42 give the 
long-term deflection for different values of relative humidity for slabs SI and S2. In 
order to quantify the effect of restraint on long-term deflection results are also 
presented for unrestrained slabs. 
Increasing the relative humidity: 
a) Reduces the free shrinkage strain which tends to reduce deflection (see Section 
6.3.3.2). 
b) Reduces the creep coefficient which reduces deflection (see Section 6.3.4.2). 
Increasing the relative humidity reduces the long-term deflection for the restrained 
and unrestrained slabs since it reduces the free shrinkage strain and creep 
coefficient. However, the effect is most significant for restrained slabs. The 
percentage increase in the long-term deflection due to restraint increases with 
increasing relative humidity up to a limiting value and decreases thereafter due to 
the reduction in the axial restraint force as described in Section 6.4.2.1. Similar 
trends are observed with the EC2 and Rossier models for both the simply supported 
and propped cantilever slabs. 
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Table 6.41 Effect of relative humidity on maximum long-term deflection for SI 
Model Relative 
humidity 
Deflection (mm. ) Increase in 
deflection due to 
Restrained 
slab 
Unrestrained 
slab 
restraint 
50 33.99 31.82 6.8 
EC2 70 31.99 28.75 11.2 
90 23.69 24.12 -1.8 
50 39.24 35.00 12.1 
Rossier 70 34.32 31.10 10.4 
90 22.99 25.02 -8.1 
Table 6.42 Effect of relative humidity on maximum long-term deflection for S2 
Model Relative 
humidity 
Deflection (mm) Increase in 
deflection due to 
Restrained 
slab 
Unrestrained 
slab 
restraint 
50 31.98 26.36 21.3 
EC2 70 30.38 23.85 27.4 
90 22.41 20.51 9.3 
50 35.34 27.80 27.1 
Rossier 70 31.77 24.55 29.4 
90 21.99 19.44 13.1 
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6.5 Conclusions 
A parametric study has been carried out using the author's computer program with 
the EC2 and Rossier et al. tension stiffening models on axially restrained and 
unrestrained simply supported and propped cantilever one- way reinforced concrete 
slabs. The long-term axial restraint force, deflection and the increase in deflection 
due to restraint have been quantified. 
The author's model with the Rossier tension stiffening model predicts lower long- 
term axial restraint forces than the EC2 model in most cases. It is most conservative 
of the methods investigated to assume the values from the EC2 model in design of 
restraint elements. The author's model with the Rossier tension stiffening model 
predicts higher long-term deflection compared to the EC2 model. The percentage 
increase in long-term deflection due to restraint is more significant with the Rossier 
model than the EC2 model. It has also been found that the increase in long-term 
deflection due to axial restraint is only significant if it produces significant extra 
cracking compared with a similarly loaded slab without axial restraint and less 
second order effects. A summary of the parametric study is presented in the 
following sections. 
6.5.1 Geometrical factors 
Slab thickness has a significant effect on the long-term axial restraint force and the 
increase in deflection due to restraint. The long-term axial restraint force increases 
almost in proportion to the slab thickness. The percentage increase in long-term 
deflection due to restraint increases significantly with increasing slab thickness. The 
percentage increase in long-term deflection due to restraint decreases slightly with 
increasing tension steel area. The percentage increase in long-term deflection due to 
restraint increases with increasing support stiffness up to a limiting value. The 
eccentricity of the restraint has a significant influence on the long-term axial 
restraint force and deflection for simply supported slabs. Below a limiting value of 
eccentricity the long-term deflection in the axially restrained slabs is less than in 
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unrestrained ones since the axial restraint force becomes compressive. Table 6.43 
summarises the results of the parametric study for geometrical factors. 
6.5.2 Concrete material properties 
The long-term axial restraint force is most significantly affected by the free 
shrinkage strain and the tensile strength of concrete. The long-term axial restraint 
forces have been predicted to be relatively insensitive to the modulus of elasticity of 
concrete and the creep coefficient. The percentage increase in long-tenn deflection 
due to restraint increases with increasing tensile strength and the effect is significant 
with the Rossier model. The free shrinkage strain has a significant effect on increase 
in long-term deflection due to restraint. All the concrete material properties are 
related to its compressive strength which has a significant influence on long-term 
axial restraint force and deflection. The long-tenn axial restraint force and the 
percentage increase in long-term deflection due to restraint increases with increasing 
concrete strength. Table 6.44 summarises the influence of the concrete material 
properties on the axial restraint force and deflections. 
6.5.3 Service -life factors 
The long-term axial restraint force decreases with increasing gravity loading. The 
percentage increase in long-term deflection due to restraint reduces with increasing 
gravity loading and the effect is significant with the Rossier model. The relative 
humidity influences the long-term axial restraint force and deflection significantly 
since it governs the free shrinkage strain. The long-term axial restraint force 
decreases significantly with increasing the relative humidity. Table 6.45 summarises 
the results of parametric study for service-life factors. 
269 
Parametric study 
Table 6.43 Summary of parametric study for geometrical factors 
Parameter Description of Effect on long-term Effect on percentage 
analyses axial restraint force increase in long-term 
deflection due to 
restraint 
Slab Three D values Increases almost in Increases with 
thickness D, of were proportion to D increasing D, 
Section 6.2.1 considered the effect is 
significant 
Tension steel Three tension Increases with Decreases with 
area A, , steel ratios were increasing A, increasing A, 
Section 6.2.2 considered (i. e. the effect is the effect is 
(1.0,1.2 and not significant not significant 
1.4) A, ) 
Support Three k values Increases with Increases with 
stiffness k, were considered increasing k increasing k up to a 
Section 6.2.3 (i. e. 10,100 and limiting value 
1OOOKN/mm. ) 
Eccentricity Three e values Decreases and Decreases with 
of restraint were considered changes from increasing e, 
e, (i. e. 0.5 0.625 tension to the effect is 
Section 6.2.4 and 0.75) D compression with significant 
increasing e 
(measured from the 
top fibre), 
the effect is 
significant 
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Table 6.44 Summary of parametric study for concrete material properties 
Parameter Description of Effect on long-term Effect on percentage 
analyses axial restraint force increase in long-term 
deflection due to 
restraint 
Tensile f, was varied Increases almost in Increases with 
strength f, between ±33% proportion to increasing f, 
Section 6.3.1 of the mean the effect is 
value significant with the 
Rossier model 
Elastic E, was varied Relatively Increases with 
modulus Eý, between ±33% insensitive to the increasing E, , 
Section 6.3.2 of the mean increase in E, the effect is not 
value significant 
Free Eshwas varied Increases with Decreases with 
shrinkage between ±33% increasing"sh increasingesh the 
strainesh 5 of the mean the effect is effect is significant 
Section 6.3.3 value significant 
Creep 0 was varied Relatively Decreases with 
coefficient between ±33% insensitive to the increasing 0, 
01 of the mean increase in 0 the effect is not 
Section 6.3.4 value significant 
Concrete Three levels of Increases with Increases with 
strength f,, , 
fc 
kwere 
increasingfck increasingfck 3 
Section 6.3.5 considered (i. e. the effect is the effect is most 
30,40 and 50 significant significant with the 
N/mm 2) Rossier model 
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Table 6.45 Summary of parametric study for service life factors 
Parameter Description of Effect on long- Effect on 
analyses term axial restraint percentage increase 
force in long-term 
deflection due to 
restraint 
Gravity Three levels of Decreases with Decreases with 
loading w, w including the increasing w, increasing w, 
Section 6.4.1 self-weight, the effect is the effect is 
were considered significant significant with the 
Rossier model 
Relative Three values of Decreases with Increases with 
humidity RH were increasing RH , the 
increasing RH up 
RH , considered 
(i. e. effect is to a certain value 
Section 6.4.2 50,70 and 90%) very significant and decreases 
thereafter 
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Chapter 7 
Conclusions 
7.1 Introduction 
The aim of this thesis is to determine the axial force in axially restrained reinforced 
concrete one-way slabs and quantify its effects on long-term deflections using 
existing tension stiffening models. To correctly design elements for the effect of 
shrinkage, the designer needs to determine the axial force in the system and its 
influence on deflections which usually governs the design of slabs. Therefore, there 
is clearly a need to develop methods for determining axial forces in slabs with in- 
plane restraint and predicting their influence on deflections. 
In Chapter 3, a rigorous numerical method based on the so-called layered approach 
has been developed to model deflections in reinforced concrete one-way slabs 
subject to bending and axial restraint. The author has developed a computer program 
to implement the method. Three tension stiffening models have been implemented 
into the author's computer program; namely, EC2 with the interpolation coefficient 
proposed by Ghali & Favre (1994), Rossier et al. (1998) with some modifications 
and Torres et al. (2004). In Chapter 4, moment-curvature and moment-axial strain 
relationships have been investigated for the three tension stiffening models. The 
influence of the three tension stiffening models on deflections and axial 
displacements have been investigated. Two reinforced concrete slabs have been 
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analysed; namely, a simply supported and a propped cantilever one-way slabs. In 
Chapter 5, the author's computer program has been used with the EC2 and Rossier 
tension stiffening models to analyse axially restrained reinforced concrete one-way 
slabs. The slabs described in Chapter 4 were used in the analysis but the slabs were 
assumed to be axially restrained at mid height. In Chapter 6, a parametric study has 
been carried out to identify the influence of relevant parameters on the long-term 
axial restraint force and deflection in axially restrained and unrestrained reinforced 
concrete one-way slabs. The slabs analysed in Chapters 4 and 5 were used for the 
parametric study. 
7.2 Summary of the work 
The findings in the thesis are summarized in the following sections. 
7.2.1 Literature review 
The main findings are as follows. 
9 Tension stiffening is lost too rapidly with time to be attributed to creep or 
shrinkage. 
* Previous research on restrained shrinkage (i. e. Gilbert (1992) and (2001)) has 
focussed on members not subjected to gravity loading which render the 
solution of less practical concern. 
9 Very little information, if any, is currently available to designers for 
determining the axial force in axially restrained slabs subject to gravity 
loading. 
9 The effect of time-dependent cracking caused by restraint to shrinkage is 
taken into account in deflection calculations by reducing the tensile strength 
of concrete (Scanlon & Murray (1982), Tam & Scanlon (1986b), Eurocode 2 
(2004) and Concrete Society (2005)). 
7.2.2 Development of numerical model 
numerical procedure has been developed to calculate deflections in reinforced 
concrete one -way slabs subjected to bending and axial restraint. The member cross- 
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section has been modelled using the so-called layered approach. The layered 
approach has been adopted rather than the sectional approach, since the principle of 
superposition for modelling creep is not valid for the sectional approach unless the 
depth of the compression zone remains constant which is not the case. In axially 
restrained slabs the compression zone depth in the cracked section changes rapidly 
with time due to the combined effects of creep, shrinkage, variation in modulus of 
elasticity of concrete with time, change in bending moment and axial force. The 
equations of equilibrium for axial force and bending moment have been derived for 
the EC2, Rossier et al. and Torres et al. tension stiffening models. The author has 
used the same method of analysis for uncracked sections for both the EC2 and 
Rossier et al. models. The salient features of the numerical model are: 
* The effect of variation of modulus of elasticity of concrete with time has 
been taken into account rigorously by including the aging strain in the free 
strain. 
* The shift in the position of the neutral axis with time, due to the combined 
effects of creep, shrinkage, variation of modulus of elasticity of concrete 
with time, change in bending moment and axial force, has been taken into 
account. 
e Loss of tension stiffening with time has been introduced gradually from the 
time of application of the load until tension stiffening reaches its long-term 
value. 
* Creep has been modelled using the principle of superposition. To this end, 
the full stress history is stored for each layer. 
A C++ program has been developed to implement the procedure. The three tension 
stiffening models have been incorporated into the author's computer program. The 
salient features of the computer program are: 
e An iterative scheme has been developed to fulfil the boundary conditions at 
each time step. 
* An algorithm has been implemented for the solution of simultaneous linear 
equations to calculate the strain and curvature in uncracked sections. 
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9 An iterative method has been developed for determining the strain and 
curvature in cracked sections. 
An iterative procedure has been developcd to take into account geometrical 
nonlinearity due to second order effects at each time step. 
A C++ program has been developed using the sectional approach with the EC2 
tension stiffening model. An iterative method has been developed for determining 
the strain and curvature in cracked sections. Using the sectional approach has the 
following advantages: 
* The sectional approach is easier to implement than the layered model. 
* The sectional approach reduces computational time and needs less memory 
in comparison with the layered method. However, due to the development of 
computer speed and memory system, this is considered as an insignificant 
advantage. 
7.2.3 Performances of tension stiffening models 
The moment-curvature and moment-axial strain relationships have been investigated 
for the three tension stiffening models. The predictions of the three tension stiffening 
models for deflections and axial displacements have been compared using the 
author's computer program. Two reinforced concrete one-way slabs have been 
analysed; namely, a simply supported and propped cantilever slabs. 
The results for the Rossier model depend on the thickness of effective tie in tension. 
The Rossier model overestimates shrinkage curvature just above the cracking 
moment than the EC2 model. However, there is a lack of test data on the influence 
of shrinkage on curvature to assess models. In many cases, similar trends have been 
observed with both the simply supported and propped cantilever slabs which suggest 
the generality of the results. 
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The EC2 with the interpolation coefficient proposed by Ghali & Favre (1994) gives 
the best estimate of deflections in members subject to axial force. However, there is 
a lack of experimental data on deflections in slabs subject to axial tensile force. It 
follows that, there is uncertainty about the effects of axial tensile force on deflection. 
7.2.4 Analysis of axially restrained slabs 
Two axially restrained one-way slabs; namely, simply supported and propped 
cantilever slabs have been analysed using the author's computer program with the 
EC2 and Rossier et al. tension stiffening models. The main conclusions are: 
* At early ages, the axial restraint force is compressive. Subsequently, the axial 
restraint force becomes tensile when the shortening due to shrinkage exceeds 
the elongation due to cracking under the combined influence of gravity 
loading and axial tension. 
* At early ages, the deflection and tensile steel stress in the axially restrained 
slab are less than in the unrestrained one. Subsequently, the deflection and 
tensile steel stress in the axially restrained slab become greater than In the 
unrestrained one. The author's results are consistent with the Gilbert & Guo 
(2005) tests. 
9 The author's model with the Rossier tension stiffening model predicts 
significantly lower long-term axial restraint forces than the EC2 model. 
However, it predicts higher long-term deflections than the EC2 model. 
The percentage increase in long-term deflection due to restraint is predicted 
to be more significant with the Rossier model than the EC2 model. 
e Very similar trends have been observed with both the simply supported and 
propped cantilever slabs which suggest the generality of the results. 
* The author's model with the EC2 tension stiffening model predicts similar 
long-ten-n axial restraint forces for zero gravity loading to Gilbert's (1992) 
analysis which is theoretically more realistic for slabs in pure tension. 
9 The long-term axial restraint force under a quasi-permanent load is 
significantly less than the axial force given by the Gilbert (1992) analysis. It 
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follows that improved economy can be achieved in the design of restraining 
elements if the effect of gravity loading is included in the calculation of the 
restraint force induced by shrinkage. 
The influence of second order effects due to geometrical nonlinearity has 
been found to be significant and should be included in deflection calculations 
for axially restrained slabs. 
* The effect of aging due to the variation in the modulus of elasticitY of 
concrete with time has been found to be insignificant and can be omitted in 
both deflection and axial restraint force calculations for slabs loaded at 7 
days or later. 
e As opposed to unrestrained slabs subject to zero axial force, the sectional 
approach is inappropriate for the analysis of axially restrained slabs. 
7.2.5 Parametric study 
A parametric study has been carried out on two axially restrained and unrestrained 
one-way slabs (simply supported and propped cantilever slabs) using the author's 
computer program with the EC2 and Rossier et al. tension stiffening models. 
The author's model with the Rossier tension stiffening model predicts significantly 
lower long-term axial restraint forces than the Rossier model. It is most conservative 
of the methods investigated to assume the values from the EC2 model in the design 
of restraint elements. 
The author's model with the Rossier tension stiffening model predicts higher long- 
term deflections than the EC2 model. Axial restraint has been found to increase the 
long-term deflections in slabs in most cases. The effect is more significant with the 
Rossier model than the EC2 model. The increase depends on both the extra cracking 
and the second order effects that axial restraint force induces. In most cases similar 
trends have been observed with both the simply supported and propped cantilever 
slabs which suggest the generality of the results. 
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The findings are summarised under the following headings: 
Geometrical factors 
0 Slab thickness has a significant effect on the long-term axial restraint force 
and the increase in deflection due to restraint. The percentage increase in 
long-term deflection due to restraint increases significantly with increasing 
slab thickness. 
* The long-term axial restraint force increases with increasing tension steel 
area. The percentage increase in long-term deflection due to restraint 
decreases slightly with increasing tension steel area. 
* The percentage increase in long-term deflection due to restraint increases 
with increasing support stiffness up to a limiting value. 
The eccentricity of restraint has a very significant influence on the long-term 
axial restraint force and deflection for simply supported slabs. The long-term 
deflection in the axially restrained slab becomes less than that in unrestrained 
one when the eccentricity of restraint exceeds a limiting value at which the 
axial restraint force becomes compressive. 
Concrete material properties 
* The long-term axial restraint force is most significantly influenced by the 
free shrinkage strain and the tensile strength. 
0 The long-tenn axial restraint forces have been predicted to be relatively 
insensitive to the modulus of elasticity of concrete and the creep coefficient. 
* The percentage increase in long-term deflection due to restraint increases 
with increasing tensile strength and the effect is significant with the Rossier 
model. 
e The free shrinkage strain has a significant effect on increase in long-tenn 
deflection due to restraint. 
0 All the concrete material properties are related to the concrete compressive 
strength which has a significant influence on the long-term axial restraint 
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force and deflection. The long-term axial restraint force and the percentage 
increase in long-tenn deflection due to restraint increases with increasing 
concrete strength. 
Service -life factors 
9 The percentage increase in long-term deflection due to restraint reduces with 
increasing gravity loading and the effect is significant with the Rossier 
model. 
* The relative humidity influences the long-term axial restraint force and 
deflection significantly since it governs the free shrinkage strain. The long- 
tenn axial restraint force decreases significantly with increasing relative 
humidity. 
7.3 Recommendation for future work 
The only data known to the author for deflections in slabs subjected to restrained 
shrinkage is from the tests of Gilbert & Guo (2005) on flat slabs. Predictions of 
deflections in two-way spanning slabs are best made with finite element programs 
capable of cracked section analysis (Vollum (2003)). A series of long-term tests on 
axially restrained reinforced concrete one-way slabs would provide an opportunity to 
calibrate and, if necessary, modify the model. 
It is recommended that further research should be carried out to address the 
following topics: 
* The author's model can be extended to model the residual deflection induced 
by unloading using incremental analysis of the type described by 
Hossain (1999) and Hossain & Vollum (2002). 
* The author's model can be extended to take into account the variation in 
tensile strength of concrete with time. 
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9 The tension tie model of Rossier et al. (1998) assumes the tension stiffening 
force is independent of tension resisted by concrete before cracking and that 
it is located at the tension steel level. Finite element modelling of bond -slip 
gives in-depth understanding of magnitude and location of tension stiffening 
force in members under combined bending and axial force. 
* The tension tie model of Rossier et al. (1998) predicts greater shrinkage 
curvatures just above the cracking moment than the EC2 model. There is a 
lack of understanding of influence of shrinkage on deflection. A series of 
long-term experiments will give better understanding on influence of 
shrinkage on deflection. 
* New, improved tension stiffening models can be easily incorporated into the 
author's model and computer program to analyse axially restrained one-way 
slabs. 
* Extend the current work to take into account yielding of reinforcement. 
0 Extend the current work to calculate crack widths in axially restrained and 
unrestrained slabs. 
* Incorporate the author's model into a two-way analysis to allow comparison 
with two- way slabs. 
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Appendix A 
Development of iterative procedure for axially restrained 
continuous one-way slabs 
The following iterative procedure is developed and implemented into the author's 
computer program to find the axial restraint force and the moment at support: 
1 
-Assume initial values of N) M, ')M2)-I' 
M 
where, 
N is the axial restraint force. 
M, is the bending moment at support i- 
2-Calculate t5o,, 5,, 
52 5, 
where, 
, 5, is the axial displacement. 
15, is the deflection at support i. 
3-IncreaseN by unit value while keeping M,, M 21 *'**5m n constant and calculate 
goo 
-)'510 05201 .... ý 
9110 
where, 
Continuous one-way slabs 
(Sio is the change in deflection at support i resulting from increasing N by unit 
value. 
4-Increase M, by unit value while keeping N, M2'*"*')Mn constant and calculate 
gO 19 (5115 45211 9 
gl 
where, 
, 5j, is the change in deflection at support i resulting from increasing M, by unit 
value. 
5-IncreasseM2by unit value while keeping N, MI,..., M, constant and 
calculate(502 . (512 1 
622 
" ... -) (5n 2' 
where, 
(5i2'S the change in deflection at support i resulting from increasingM2by unit 
value 
6-IncreaseMn by unit value while keeping N, M, 5M25-5Mn-] constant and 
calculate 
where, 
, 5,, is the change in deflection at support i resulting from increasing M,, by unit 
value. 
6-Calculate ANýAMPAM25*-*'Am n as 
follows: 
AN (500(501(502 "450n (50 
AM, (510(5114512 '451n 451 
AM2 g (520(521 22-*****'**g2n g2 (A. 1) 
AMn 
-(5nO(5nl(5n2*-*--(5nn- -(5n 
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Continuous one-way slabs 
7-Calculate new values of axial restraint force and bending moments as follows: 
NI N AN 
mI mi AM, 
m2 M2 
+ 
AM2 
(A. 2) 
MA LMN I LAm. 
8-Repeat steps 2 to 7 until the values 5,,,, 5,,, 52,..., býconverge to zero with specific 
level of tolerance. 
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Appendix B 
Development of iterative procedure for calculating strains 
and curvatures for cracked sections 
B. 1 Layered approach 
The following iterative procedure is developed and implemented into the author's 
computer program to find strains and curvatures in cracked sections: 
I -Assume initial values of strain at reference point c,, and curvature V. 
2-Calculate the elastic strain, c, in each layer. 
3 -Establish the material model, R, for each layer. 
4-Calculate section properties 4, A, and A2 * 
5- Solve the equilibrium equations to find new values of strain at reference point 
and curvature. 
6- Calculate i5c, and 5q/. 
where, 45 is the difference between the new and initial value. 
7-Increase c,, by a small value while keeping V/ constant and calculate o5,1 and o52, 
where, 
, 5,, is the change in &, resulting from increasing c, by a small value. 
Strains and curvatures for cracked sections 
92, is the change in 9V resulting from increasing eO by a small value. 
8-Increase V/ by a small value while keeping co constant and calculate (5,2 and (522 * 
where, 
o5, is the change in o5c, resulting from increasing V by a small value. 
(522 'Sthe change in (5V resulting from increasing V by a small value. 
9-C alcualte the increments in strain A, 60 and curvature AV/ . 
-1 [(5 Aco [(511(512 ] Co 
(B. 1) 
[A 
qf (5211522 45V 
I O-Calculate the new values of strain at reference point 60' and curvature Vf '. 
= 
[Vol 
+[Aeo] 
Co /c 
(B. 2) 
II -Repeat steps 2 to 10 until the values 5c, and 5Vf converge to zero with specific 
level of tolerance. 
B. 2 Sectional approach 
The same procedure mentioned above is adopted, except steps 2 and 3 are as 
follows: 
2-Calculate the strain at the bottom fibre, cb (see Equation (3.119)). 
3-Calculate the compression zone depth, c (see Equations (3.120) to (3.123)). 
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Appendix C 
MC-90 time functions for modulus of elasticity, creep 
coefficient and free shrinkage strain of concrete 
CA Modulus of elasticity 
The modulus of elasticity of concrete at an age t# 28 days may be estimated from 
Eci (t) :::: 18E 
(t)E, 
i 
with 
PE W= lflcc Wl 0.5 
where, 
(t) is the modulus of elasticity at an age of t days. 
E, is the modulus of elasticity at an age of 28 days. 
(C. 1) 
(C. 2) 
, 8E(t) 
is a coefficient which depends on the age of concrete, t (days). 
MC-90 time function 
With 
exp s 
28 ) 
112 
t/ ti 
where, 
, 
8,, (t) is a coefficient which depends on the age of concrete t. 
t is the age of concrete (days). 
t, =I day. 
(C. 3) 
s is a coefficient which depends on the type of cement: s =0.20 for rapid hardening 
high strength cements, 0.25 for normal and rapid hardening cements, and 0.38 for 
slowly hardening cements. 
2.15 x 1()4 
[ (fk + 8) / 10]'/' (C. 4) 
fckis the characteristic compressive strength of concrete. 
C. 2 Creep coefficient 
The creep coefficient may be calculated from 
O(t, to )= 00,8, (t - to 
) (C. 5) 
where, 
00 is the notional creep coefficient. 
, 
8, is the coefficient to describe the development of creep with time after loading. 
t is the age of concrete (days) at the moment considered. 
to is the age of concrete at loading (days). 
The notional creep coefficient may be estimated from 
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MC-90 time function 
00 :: - ORH*8(fcm))6(tO) (C. 6) 
With 
ORH 
=1+ 
I-RHIRHO 
(C. 7) 
0.46(h / ho)" 
0.5 (C. 8) (f" / fmo) 
1 
Xto )=0.1 
+ (to / ti )0-, 
(C. 9) 
where, 
2A, 
(C. 10) 
u 
f,,,, is the mean compressive strength of concrete at the age of 28 days (MPa). 
f,, o ý 10 MPa 
RH is the relative humidity of the ambient environment (%) 
0 =100% 
h is the notional size of member (mm) where A, is the cross-section and u is the 
perimeter of the member in contact with the atmosphere. 
ho =I 00mm 
tj =I day. 
The development of creep with time is given by 
to )= 
(t - 
to)/ tj 
0.3 
(C. 1 1) 
[ 
18H 
+ 
(t 
- to 
)/ 
ti 
I 
With 
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MC-90 time fun, ction 
18 
, 8H= 150 1+ 1.2 
RH h+ 250: 5 1500 (C. 12) RHO ho 
where, 
D irr 
luýz 0= 
100% 
C-3 Free shrinkage strain 
The total shrinkage strains may be calculated from 
C', (t, t, )= --C, 0,8, 
(t 
- t, ) (C. 13) 
where, 
, c, o 
is the notional shrinkage coefficient. 
, 
8, is the coefficient to describe the development of shrinkage with time. 
t is the age of concrete (days). 
ý is the age of concrete (days) at the beginning of shrinkage. 
The notional shrinkage coefficient may be obtained from 
EcsO --. ': '6s 
(fcm )18RH (C. 14) 
With 
/f c, (f,, n 
[160 + 10,8,, (9 - f, Cno)]X 
10-6 (C. 15) 
where, 
, 8,, is a coefficient which depends on the type of cement: =4 for slowly hardening 
cements, =5 for normal or rapid hardening cements, and=8 for rapid hardening high 
strength cements. 
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MC-90 time function 
PRH= 
-1.55#sRH 
for4oo/o 
:ý M<990/0 (C. 16) 
i8RH= +0.25 for RH -ý 99% (C. 17) 
where, 
ARH RH 
RHO 
where, 
RH is the relative humidity of the ambient atmosphere (%) 
RHO =I 00% 
The development of shrinkage with time is given by 
(t )/ -0.5 [350(h 
I ho)' +(t-t, )It, 
_ 
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